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Abstract

Effect of radiation of many photons by a single electron traversing
a target is discussed. When the summary energy of emitted photons
(the energy losses spectrum) is measured only, the photon spectrum
is distorted comparing with the photon spectrum in one interaction.
Influence of this effect is discussed for the cases (1) bremsstrahlung (de-
scribed by Bethe-Heitler formula), (2) the strong Landau-Pomeranchuk-
Migdal effect and (3) transition radiation. Qualitative picture of the
phenomenon is discussed in detail. Comparison with the recent SLAC
experiment in relatively thick target (2.7% of the radiation length),
where the effect of emission of many photons by a projectile is very
essential, shows perfect agreement of the theory and data.

(© Budker Institute of Nuclear Physics SB RAS

1 Introduction

A very successful series of experiments [1] - [3] was performed at SLAC during
last years. In these experiments the cross section of bremsstrahlung of soft
photons with energy from 200 KeV to 500 MeV from electrons with energy
8 GeV and 25 GeV is measured with an accuracy of the order of a few percent.

Both LPM (the Landau-Pomeranchuk-Migdal eflect, i.e. suppression of the
bremsstrahlung from high energy electron due to a multlple scattering of an
emitting electron in dense media [4] - [6]) and dielectric suppression (the
effects of the polarization of a medium, [7]) are observed and investigated.

These experiments were the challenge for the theory since in all the previous
papers calculations (cited in [8]) are performed to logarithmic accuracy which
is not enough for description of the new experiment. The contribution of the
Coulomb corrections (at least for heavy elements) is larger then experimental
errors and these corrections should be taken into account.

Very recently authors developed the new approach to the theory of LPM
effect [8], where the cross section of bremsstrahlung process in the photon
energies region where the influence of the LPM is very strong was calculated
with term o 1/L, where L is characteristic logarithm of the problem, and
with the Coulomb corrections taken into account. In the photon energy
region, where the LPM effect is “turned off”, the obtained cross section gives
the exact Bethe-Heitler cross section (within power accuracy) with Coulomb
corrections. This important feature was absent in the previous calculations.
The contribution of an inelastic scattering of a projectile on atomic electrons
is also included. The polarization of a medium is incorporated into this
approach. The considerable contribution into the soft part of the measured
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spectrum of radiation gives a photon emission on the boundaries of a target.
We calculated this contribution taking into account the multiple scattering
and polarization of a medium for the case when a target is much thicker than
the formation length of the radiation. We considered also a case when a
target is much thinner than the formation length. A case of an intermediate
thickness of a target (between cases of a thick and a thin target) is analyzed
later in [9].

It should be noted that in the experiments [1] - [3] the summary energy
of all photons radiated by a single electron is measured. This means that
besides mentioned above effects there is an additional “calorimetric” effect
due to the multiple photon radiation. This effect is especially important in
relatively thick used targets. Since the energy losses spectrum of an electron
is actually measured, which is not coincide in this case with the spectrum of
photons radiated in a single interaction, one have to consider the distribution
function of electrons over energy after passage of a target. As it is known, this
distribution function is the solution of the corresponding kinetic equation.
However, the problem can be simplified essentially if one is interested in
the soft part of the energy losses spectrum. Just this situation was in the
experiments [1]-[3], since the measurements were performed in the region of
the photon energies of one to five orders of magnitude lower than the electron
energy.

In Sec. 2 of the present paper the general approach to the consideration of
the soft part of the energy losses spectrum due to of many photons emission
from a single electron is formulated without limitation of the target thick-
ness. The case when the formation length is larger than the target thickness
is analyzed also. Using this approach we calculated corrections (in a form of
the reduction factor) to the spectrum of energy losses for the Bethe-Heitler
case as well as for the situation when the LPM effect is strong and when the
transition radiation is essential. In Sec. 3 we analyze basic properties of the
phenomenon and apply the theory developed in [8] with multiphoton correc-
tions to discussion of data [3]. We conclude that the theory is in a perfect
agreement with data. In Appendix we calculate the radiation probability of

arbitrary number of hard photons.

2 Spectral distribution of the energy losses

The probability of the successive radiation of n soft photons with energies
Wi, Wws, .. .wn by a particle with energy € (wx < €,k =1,2...n) on the length
l in the energy intervals dwjdws . . .dw, is given by expression (in this paper,
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we employ units such that i =¢ = 1)

: { {1 r—1
b e W g 8 RS0 fn AW (w1)dl; ] AW (ws)dl; ... f " AW ()l
0 0 :
A
= mdw(wl)dw(wg) . dw(wy), (2.1)

w.h‘ere A is the normalization constant, dW (w)/dw is the differential proba-
b_lhty of Phe photon radiation per unit length, dw(w)/dw = ldW (w)/dw is the
differential probability of the photon radiation per length I. If the probability

dw/dw doesn’t depend on the particle energy ¢ then integrating (2.1) over
all photon energies we obtain

e dw
Wy = Ew y W= / E;J_dw- (2.2)

The va-,lu.e A is.deﬁned by the condition that probability of all the possible
?Vents with radiation of any number of photons or without photon radiation
i8 equal to unit.

v u] oo 1 .
z;)wﬂ =Az;};ﬁw = Aexpw =1, A=exp(-w). (2.3)
= n=

Using (2.1),(2.3) we can write the expression for the differential distribution
of the energy losses in the form

1de = 1 dw dw  dw =
P ——ﬂxp(—w) T dwg'”dwné Zwk—u) dw; ...dw,.

: _ (2.4)
Htfre on on the right-hand side we have the sum of the probabilities of radi-
ation of n photons with summary energy w.

Using standard parametrization of §-function

n 1 oo e
d — = — ] - :
(gwk w) bT f-m exp (za (w ;wk)) ds

we obtain
de w [* . = 1 dw ;.
ol = exp (isw — w) zl: " ( Eexp(—iswl)dwl) ds
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o0 o0 d
e f exp (isw) exp {—- -/ i [1 — exp(—isw1)] dwl} ds
— 00 4] d{dl

2

e 1 no 3 i dw .
g Refu exp (iz) exp {—/ﬂ TN [1 — exp (—-u::”—)} dwl} dz.(2.5)

The formula (2.5) was derived by Landau [10] as solution of the kinetic equa-
tion under assumption that energy losses are much smaller than particle’s
energy (the paper [10] was devoted to the ionization losses). Let us notice
the following. The energy losses are defined by the hard part of the radiation
spectrum. In the soft part of the energy losses spectrum (2.5) the probability
of radiation of one hard photon only is taken into account accurately. To
calculate the probability of the emission of two and more hard photons one
has to take into account step by step the recoil in previous acts of the photon
emission. The probability of radiation of two and more hard photons is of
the order (I/Lyqa)? and so on. Thus, the formula (2.5) is applicable for the
thin targets and has accuracy ! /Lyaq- If we want to improve accuracy of the
formula (2.5) and for the case of thick targets | > Lyqq one has to consider
radiation of an arbitrary number of hard photons. This problem is solved
in Appendix for the case when hard part of the radiation spectrum is de-
scribed by the Bethe-Heitler formula. In this case the formula (2.5) acquires
the additional factor. As a result we extend this formula on the case thick
targets.

We will analyze first the interval of photon energies where Bethe-Heitler
formula is valid. We write it in the form

dw j‘. 4 W WE 3 »
wtﬂd = Lfﬂd [E (1 o E*) -+ EE] '!?(E"—W) = ﬁ (1 -z + Zti) t?(},—:.]:,‘l)_J
(2.6)
where 1 is the thickness of the target, Lrad is the radiation length,
4] w
ﬂ i 3Lrad, Sy E

The integral in the curly brackets in (2.5) we split into two integrals with
integration intervals (0,w’) and (w’,€), where we choose w’ such that w &
w' € € (note, that the radiation probability vanishes for w > g).

We will begin with consideration of rather thin targets such that { €« Lred
(the case | ~ Lyad will be discussed below). In this case in the integral over
z in (2.5) contributes mainly z ~ 1 and the integral over the second interval

R

18

* dw . W o sl - g&: 2 b
J2 .._Lr E[l—exp (—Hﬂ:)] dw]_ _...j;; Ed&dl _ﬂ(ln;;— E),
(2.7)
The integral containing exp (—~i..": ﬂ) vanishes because of the fast oscillations

of the integrand. The integration over the first interval gives

Jy = ’[:i % [1 — exp (—im%)] dwy =~ 8 [111 (‘gm) +C+ 1%] 5 (3:8)

where C = 0.577... is the Euler constant. So, the total integral over w; in
(2.5) is

R E 5
J—J1+Jz._ﬁ(ln.t+j.l+t-§), p_ln;—-s-+c. (2.9)
Substituting this result into (2.5) we have
de 1 e : K
E:;Reﬁ exp [tx—ﬁ(lnr+p+t§)]d::. (2.10)

In this integral we turn the integration contour over Z by angle & and sub-
stitute z — iz. As a result we find 5
de (oiks e
d—Z- = ;Re i exp(—ifr) exp(—ﬁp)/ﬂ r~Pe*dzx

o e _ asinfr _ jexp(—fp)

= Bexp(—Au)T(1 - B) B = p T+ h) - (2.1)
where T'(z) is the Euler gamma function. If we consider radiation of the
one soft photon, we have from (2.5) de/dw = B. Thus, formula (2.11) gives
additional "reduction factor” feu which characterizes the distortion of the
soft Bethe-Heitler spectrum due to multiple photons radiation. With regard
for factor g(#) (see Appendix Egs.(A.15), (A.16) we obtain the reduction
factor valid for 8 > 1 while Eq.(2.11) is true for § < 1)

— W 8/4 _
fon = 9@ 9L = (£) @+ 9 (+8)". e

In Fig.1 the function fen (w) is given for electron with the energy € = 25 GeV.
One can see that for w = 100 MeV the value fpu (w) differs from unit in 5-6
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Figure 1: The reduction factor fgy for energy of the initial electron ¢ =
25 GeV. The curves 1, 2 and 3 are respectively for 8 = 0.01, 0.03 and 0.06.

times greater than value 8. Let us discuss this circumstance. The emission
of accompanying photons with energy much lesser or of the order of w (we
consider in this figure the situation connected with SLAC experiment [1]-[3]
where w € ¢, g <« 1) changes the spectral distribution on quantity order
of 3. However, if one photon with energy wr > w is emitted, at least, then
photon with energy w is not registered at all in the corresponding chanel of
the calorimeter. Since mean number of photons with energy larger than w is
determined by the expression (see (2.1)-(2.5))

= * dw
ann = w, 2/ —dw, (2.13)
g w dw

the probability of the event when no photon with energy w, > w is radiated
1s defined by exp (—w,). This is just the main factor in the expression for
the reduction factor fgy (2.12) while the difference begins with the terms
~ 2. In the case, when radiation is described by the Bethe-Heitler formula
the value w,, increases as a logarithm with w decrease (wy ~ Blne/w) and
for large ratio ¢/w the value w,, is much larger than 8. Thus, amplification
of the effect is connected with large interval of the integration at evaluation
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of the radiation probability of a hard photon,
The Bethe-Heitler formula becomes inapplicable for the photon energies
w £ we, where LPM effect starts to manifest itself (see [8])

4%
e Lead’

We (2.14)
where a = 1/137, y = ¢/m. The expression for the photon spectrum for this
case can be obtained from [8], Sec.2

- 1
oG =oxen), xtw) =31 [ exp(i) 7) ds
0

sinh?z 22
1 2 2 _ We

= Vt, = t'l'.fﬂ, Vg = : (215)

In this expression the terms ~ 1/L (see [8]) are not taken into account,
since the terms of this type can be neglected at calculation of the reduction
factor (the terms of the order 8/L). Using (2.15) we calculate now the total
probability of radiation w. As it was done above, we divide the integration
interval into two parts (0,w’) and (o, €) where w, € ' < ¢. In the interval
(«',€) the Bethe-Heitler formula is valid and we have for w; formula (2.7).
The integral over the second interval is

“ duw [ G
we = : Edw = 38 Im ./ﬂ‘ HJ-/D. exp(—it) (sinh?z - ;) dt (2.16)

= 68 Im /:ﬂ d’(zu) exp(—it)di; ®(zg) = /m EE ( : : ) ’

0 % \sinh’z 22

. et

25 =#3==
w-"

Performing integration by parts in the expression for ®(z,) we have

1 1 = cosh z 1 |
=] — - 2 1 - — I dz. 2.17
$(zo} =Inz (zf_.2 sinh? z.;.) 2 /;,, i (sinh z 23) . k)

Into the integral over ¢ in (2.17) the interval ¢ < 1 contributes, so that
|20] < 1. Because of this we can expand the first term on the right-hand side
of formula (2.17) and put the lower limit of integration equal to zero in the
second term and than turn the integration contour by angle ~7/4. We find

s o]
d(z0) = 1—“352 + zfﬂ In 2 (“‘:’Sh - i) dz. (2.18)
9
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Using the integrals

o & 1 ul’
j exp(—it)dt = —i, f In zp exp(—it)dt =1 (+ In— + C') . (2.19)
0 0 2 Wwe

we have

r Lo 1
w;:ﬁ(lnw—+2C+Cl), c:a:m] lnz(w——cmhz)dzzlAZM.
uc 1]

23 sinh®z
(2.20)
Adding to this result the probability of radiation w; we obtain for the total

probability of radiation
5
we=w +wy=p0 (1115-+C;) , Bi=204 01~ 3 ~ 1.959. (2.21)

We consider now the spectral distribution of the energy losses in the
conditions of the strong LPM effect (w < w¢). In this case the contribution
into the integral defining the function x(vo) in (2.15) gives an interval |z| <
1, t < 1/vg = Jw/we € 1, so that exp(—it) = 1. We have as a result

e S . A A
e ey S TR ¥

Let us use this result in the integral in formula (2.5)

(2.22)

* dw LWy R fm duwy . W
A HEXP ("‘" z:‘) d‘-ﬁl - ﬂﬂ . rrlwc €xXp ( iz w )

=36,/ 2’;: exp (—ij—;-) = o(z). (2.23)

Substituting (2.21) and (2.23) into formula (2.5) and taking into account the
factor g(#) (A.15) we obtain for the energy losses

d_a = exp(a-wc}—ya@ Re Lm exp (ix + e(z)) d=z. (2.24)

dw n

The main contribution to the last integral gives z ~ 1. Then le(z)] € 1 and
one can expand the integrand in (2.24) in powers of ¢(z). Conserving the
two first term of the expansion we have integrals

AT ¥ : my [Fdz £
Re exp (—EE) fﬂ - exp(iz) = v/, Re exp (—zg) ]ﬂ ?exp(zm) =
(2.25

o™

10

2| A

Using this integrals we find for the distribution of the spectral energy losses

d 3
3"3235”;46‘&?”’ frem = 9(B) (1 E%ﬁ S‘: exp(—w), (2.26)

where frpa is the reduction factor in the photon energy range where the
LPM effect is essential. In Fig.2 the function fr pa(w) is shown for w <100 MeV
(e = 25 GeV, w, = 228 MeV). Taking in consideration that w <w, and using
Eq.(2.22) we find (see also discussion after (2.12))

= n dw We
exp (—wy) =~ (1 + Sﬁﬁ,l / S ' exp (—we) . (2.27)

In the last expression the coefficient 3v/2 entering into the term ~ g differs
from exact value in (2.26) on factor 4/7w=1.27 only. It is seen in Fig.2 that
the reduction factor frpam changes appreciably in the region of high photon
energies solely. This is due to the fact that here the total probability of
photon radiation is finite (in contract to the Bethe-Heitler formula) and the
integral which defines this probability converges at w — 0.

In the above analysis we neglected an influence of the polarization of a
medium on the bremsstrahlung. This is correct if & < o (see (2.15) and [8],
Sec.3) where

2
4Tan
m=1+j’2—§1+mg, wWp = YWo, wﬁ: o (2.28)

where n is the electron density. We assume, for definiteness, that w, < we.
This is true in any case for a dense matter if electron energy ¢ > 10 GeV. In

the opposite case when £ 2> vp > 1 there is an additional suppression of the
bremsstrahlung (see [8], Sec.3):

dw 3! g
dw = 4kLyea & 54e)

and this contribution into reduction factor (2.26) can be neglected.

The main contribution into effect considered for the photon energies such
that w <« wp gives the transition radiation The differential probability of
the transition radiation on the boundary of the vacuum and a medium is
(neglecting interference between nearby edges, see, e.g. [11], Sec.14)

dwsye 2a 2
W cﬁj = [(1+Eﬁl)1nrz—2]E:}J¢,, (2.30)
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Figure 2: The reduction factor frpps for energy of the initial electron ¢ =
25 GeV in tungsten (w. = 228 MeV). The curves 1, 2 and 3 are respectively
for # = 0.01, 0.03 and 0.06.

where notations are introduced

20 2
1}—-«?, Jtr—(l-l-ﬁ:_l)lﬂﬁihﬂ. (231)

Let us note, that for the transition radiation the given above derivation of the
expression (2.5) is directly inapplicable, However, for application of formula
(2.5) it is enough that acts of radiation of soft photons are statistically in-
dependent. We calculate now the integral over w; in (2.5) splitting as above
the integration interval over w; into two parts: (0, w') and (w’,c0) where
w € w' € wy. In the upper interval we have

W

[ 1551 w’ w1

In the second interval (wy < w’) we find

R Cdor (1w it in
Jer(wy) =~ -2 (lu ™ + 1) : fﬂ e (Iu ey + I) [1 exp( iz— )]
12

/m Jer(w1) [1 — exp (——i.tﬂ)] if-u’_1 ~ fm J};,-(u.rl)ﬂ ~ (ln E’} - 1)2-{»“—2.

b !
== / % (ln 25 +14In z) [1 —exp(-iz)], &= el (2.33)
o .2 Twp w

Since the probability dw(w;)/dw; in (2.5) is relatively small (this situation
could changes drastically if one considers a pile consisting of many plates)
and the region z ~ 1 contributes mainly into the integral over z we have
b > 1, one can expand integral in (2.33) over 1/b. Conserving the main term
of this expansion and adding the result to formula (2.32) we obtain

od d :
/ Jer (w1) [1 — exp (—imﬂ)] L o (nz+o)(lnz+o+ir), (2.34)
0

(Y Wy
where : )
rr:lnf-f—C—l. | (2.35)

Substituting the expression obtained into formula (2.5) and taking into ac-
count the factor g(#) (A.15) we have

de i 9(8) exp(—w.) Re /m explizr—n(lnz+o)(lnz 4+ o+ ir)] dz.
™ 0

dw
(2.36)
In the integral in (2.36) we turn the integration contour by the angle 7/2.
We find

2
:Z = y(f) exp(—w.) Im exp [—n (u::r2 + 2iro — 3—}—)]
X / exp (—z — nln’® z) 27270+ g (2.37)
0

Expanding here exp (—7In*z) ~ 1 — ln’z (3 < 1) we have integrals
o
_[ exp (—z) 2= 217+ ") dz = I' (1 — 29(c + in)),
0
o0
f exp (~z) In® zz=2"+" ) g = T (1 - 29(o + in)), (2.38)
0 e

2
- dF(EZ) . Substituting these integrals into (2.37) and taking
Z

into account that n < 1 (but it may be that 5o ~ 1) we obtain

where I'(z) =

e — ﬂglexp(—wc) exp [—1] (ﬂ'z —~ ij + *(1 — 290) + /(1 — anr))]
x sin [2mn (o + (1 — 2ne))] T(1 — 250), (2.39)
13



where ¢(z) = dInT(z)/dz. In the case no <« 1 we have from (2.39), (2.35)

d
-'f: = 2 (ln L:—P — 1) 9(0) exp(—we) fer,

2 2 2
fir = exp [—n (1n 2 - 1) (1 £ "—}-) + %] . (240)

The case of a thin target, where the photon formation length

2

2
Iy =%‘(”+Vn)21,

(2.41)

I is the target thickness, should be analyzed separately. We consider situation -

when effects of the polarization of a medium are weak (k§ < o) In this
case the scattering takes place on a target as a whole during the radiation
process and the spectral probability dw/dw in Eqgs.(2.2)-(2.5) depends on the
momentum transfer ¢ = ¥9 (see Sec.V of [8], ¢ is measured in the electron
mass)

dw, _2adw gy = dw
dw T w . (E)Iﬂl{ﬂ:’

222 41 z
Fye) = ——s (in (z+ V1 +2?) 1),

where the function Fy(z) is defined in Eq.(5.17) of [8]. On the final step
one have to average de, /dw over q with the distribution function F,(q) (see
Eq.(5.18) of [8]).

~ Since the expression for the spectral distribution (2 .42) has the same form
as in the Bethe-Heitler case, one can use Eqs.(2.8) and (2.11) for calculation
of the reduction factor. As a result we have for the contribution of the thin
target region

(2.42)

Mgs vl . 20 (B (D), wis
i = G (Bl exp =A@ 5] ) 1= S5y SR, (243

where w,p is the boundary energy starting from which the target becomes
thin. The lower limit of the applicability of Eq.(2.43) is determined from
the condition {; = I. The expression (2.43) depends essentially on the mean
square of the momentum transfer g7 associated with the target thickness.
In the case g < 1 when an influence of the multiple scattering is weak
(92 < 1/7°)

47 262 nl A
T@taim® T ey

Fs(’f) .
14

(2.44)

AR

where a,9 is the effective screening radius (see Eq.(2.19) in [8]). When the
multiple scattering is strong (g; > 1, 92 > 1/4?), the reduction factor can
be calculated using the Gaussian distribution for F,(q) o iy

Fy(q) = LEKP (-qz) :

nq3 q2
2 2 g2 +1
o  AnZ%a o
s — m3 :

(2.45)

¢’dg’
(9> + af)
In the first case (g2 < 1) one has (F}) < (F2) and one can neglect the cor-

rection to unit in (2.43). In the opposite case (g7 >> 1) the main contribution
into entering mean values of F; gives values ¢ >> 1 where

2
Falg) ~Ing® -1+ a

4 7%’ g +1
3 _— s ni In ﬂ-’E .

(2.46)

In this case the effect under consideration may be noticeable.

3 Basic properties of the multi-photon radia-
tion. Comparison with experimental data

From the analysis in Sec. 2 one can find an approximate expression for the
reduction factor in the general form. One can present the integral over w; in

(2.5) as &
M [Eemeles e

_fm dig.i_dwl + ]: gwil [e:xp (—imt—l) — 1] dw.

wf

The second integral on the right-hand side of (3.1) (as well as terms omitted
in the first integral) has an order wdw/dw. For the case 3 < 1 this value is

small

dw 4l
wd&b’ i: S-L'rdd Eﬁ (MEWF);
dw 4o Wp o 5 2cv
W?ﬂ P -}— (1]‘] : — ) = 27}(0’ o C), n= o (W & WF). (3.2)

Let us note that a contribution of the transition radiation can be enlarged
n times if one makes a target as a collection of n plates conserving the total
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thickness ! provided that definite conditions are fulfilled for the plate thick-
nesses and gaps between plates. In that case n — nn and formulae of Sec.2
are valid if np < 1.

Expanding the exponential in (2.5) with the second integral of (3.1) and
integrating over z we have

2_1?;/-*:0 exp(ix)dxl :i [EIP( h"f'u;) = 1] duwy

- 00

“ dw dw
— . dw15 (1 — ;) duwy = wa- (3.3)

Thus, the spectral distribution of the energy losses and reduction factor f
have the following general form

d dw d d
EE:M-&:L fmexp[—L d;wdwl] (1+O( dﬁ)) (3.4)

The cross section of the bremsstrahlung process in the photon energies
region where the influence of the LPM is very strong was calculated in [8] with
term oc 1/L , where L is characteristic logarithm of the problem, and with the
Coulomb corrections taken into account. The polarization of a medium was
included into the approach. We calculated also the contribution of a photon
emission on the boundaries of a target which involves the transition radiation.
The energy losses spectrum in the tungsten target with the thickness | =
2.7%Lraa(f = 0.036) for the initial electron energies ¢ = 25 GeV and ¢
= 8 GeV was calculated and shown in Fig.2 in [8]. The contribution of
an inelastic scattering of a projectile on atomic electrons was not included
into the numerical calculation (it is ~ 1 %), although it can be done using
Eq.(2.46) of [8]. Here in Fig.3 we add to these results the multi-photon
effects. The curves 1-5 is the same curve as in Fig.2 of [8], the curve T
involves the reduction factor which we constructed as the interpolation of
Eqgs.(2.12), (2.26), (2.40) with accuracy up to 1%.

The curves T' in Fig.3 (a) and (b) are the final theory prediction in the
units 2a/w. Experimental data are taken from [3] and recalculated according
with given in this paper procedure

de I Neop
ey = : 3.5
( dw ) exp Lraa & | ( )

In our papers [8] and [9] we put k=0.09 according with the instruction given
in paper [3]. However, in the recent review [12] it was definitely indicated
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that k=0.096 what is correspond to the definition (photon energies were
histogrammed logarithmically, using 25 bins per decade of energy). So, in
this paper we used £=0.096. Data recalculated with this coefficient are also
given in Fig.3. It is seen that there is the perfect agreement of the curves T
with data for both energies.

In our paper [9] we compared calculation for the gold target with the
thickness { = 0.7 % L,qq and energy e=25 GeV with data from [3]. In this
case the reduction factor f =~ 0.94 for photons with energy w < 10 MeV
(plateau region). From the other side, use of the coefficient k¥ = 0.096 in
(3.5) instead of k = 0.09 lowers data upon 6%. As a result, the excellent
agreement of the theory and data marked in [9] is not broken.

It is seen in Fig.3, as well as in Fig.2 [8] and in Fig.1 [9], that in the
soft part of the measured spectrum the boundary photons emission domi-
nates. The formulae describing this effect were derived in [8] and [9] and
this is allowed to obtain description of the measured spectrum on the whole.
The authors of [3] came across some problems with surface effects theory.
Because of this an attempt was made to eliminate the boundary radiation
by subtracting spectra from targets made of the same material, but differ-
ent thicknesses (e.g. 5 % - 3 % of L,,4 in uranium (U)) assuming that an
interference between the two target edges is negligible (this is true for thick
target [9]). However, the subtraction gives no direct quantitative information
about boundary radiation because the effect of the multiple photon emission
is rather strong (more than 30 % in the target with the thickness 5 % L,qq).
One can conclude only that this difference should vanish (if thicknesses are
not very different) in the region where the contribution of the boundary ra-
diation is comparable with radiation inside a target. In the photon energy
interval where the transition radiation dominates this difference is negative
and it is proportional to the difference of the reduction factors. There is no
data in the mentioned interval.

We would like to thank S. Klein who attract our attention to important
role of many photons emission at the SLAC experiment.
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Figure 3: The energy losses :—E in tungsten with thickness I = 0.088 mm
w

in units %I-, ((a) is for the initial electrons energy ¢ = 25 GeV and (b) is
ol

for ¢ = 8 GeV). The Coulomb corrections and the polarization of a medium
are included: Curve 1 is the contribution of the main term describing LPM
effect; curve 2 is the correction term; curve 3 is the sum of the previous
contributions; curve 4 is the contribution of the boundary photons; curve 5 is
the sum of the previous contributions; curve T is the final theory prediction
with regard for the reduction factor (the multiphoton effects). Experimental
data from Fig.9 of [3].
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A Appendix
In the case when the spectral distribution of the probability of radiation has
the form d 5
w w
= =7/@ z== f(0)=1, (A.1)

the probability of sequential emission of n photons with energies wy > w; (k =
1...n) taking into account a recoil is defined by the n-fold integral

1 e 1 dz, P dz,
F = _ b, =t —_— A.
=), st [ e [ TR, a9
where
Biw s - g z == (A.3)
k — 1_ yk3 y-k o m=1 m — E o 6

Here wy is the lower boundary of photon energy which we consider, we assume
that this energy is small comparing with the particle energy wp < €. Below
we neglect terms order of A, then the function F, depends on In(1/A) only.
Because of this

1 ld -
Fo(ln 3) = %/;ﬁ uf[l + zfi1(z)] Fr-1 (ln laar)

1: find 1 1
= ;-[D dz [1 e + fg(z)] Frn_1 (IHE +1112-') , (A4)

where f(z) =1+ zfi(2), fa(2) = f1(1 - 2).
We assume that f3(z) is a polynomial of degree m

HLE)=n+mz+.. ™! (A.5)

Using the integrals

\/1—4& dz ___]n“]_
0 TP .

1-A 1
d
f 2 "z~ ] 92 In" z = (=1)"n! {(n + 1),
0 0

L~z 1~z

n!
(m+ 1)n+1’

1
/ dzz"In" z = (-1)" (A.6)
0

o0

we find the following recursive relation

n—1
Fn = -1— E(—l)ks,t_-.u Fn—kmlg Fu = l,
ia k=0 ;
v V3 7 - = = :
3“=G“+U1+2—i+'§;+---ﬁa al“‘lnE: ﬂnﬂf(ﬂ)(ﬂzﬂ)(ﬁﬂ

One can show that the recursive relation (A.7) may be obtained by rearrange-
ment of the Taylor series of the exponential function (compare e.g. with the

series for I'(1 4 B) [13], Sec.8.32)

F(8) = exp [f: (_1)ﬂ-15nﬁ"] =Y R (A8)

" n=0

Using the explicit form of the coefficients s, (A.7) we find

F(f) = exp [ﬁ (1“%—‘3) ~InT(1+8) + v In(l+B) + o ln (1+§)

i (13 2] = sy [p (- )] 1 (1+) o

For the Bethe-Heitler formula (2.6) one has

" =—%, Ifg‘—"—%, Ifm=U [ng), (Al[}]
so that
= ﬁ(lni _g)] - . (A1)
Bbotd it A (14 B)(1+ B4 (14 p/2)**
For radiation of the scalar particle one has v} = —1, ¥ =0 (m > 2) so that
1 1

= LY , A.12
r0) = |3 (3 -0)| gy )

So the value A in Eq.(2.3) has the form

1

A(B) = Fi(®) = exp |8 (n 5 - C )| T+ A1+ 44 1+ 812",
(A.13)
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Just the normalization factor A(B) (this is the probability of the passage
of a projectile through a target without radiation) should enter in Eq.(2.5)
instead of exp(—w). Thus, when we multiply the right-hand side of (2.5) by

the factor
g9(B) = exp (w)) A(B),

we take into account accurately the emission of arbitrary number of the hard
photons. This extends Eq.(2.5) on the case § > 1 if the radiation of the hard

(w ~ ) phntnyn is given bv the Bethe-Heitler formula.
g (B}

“—r T - T ey

3.5¢

it

0.01 0.02 0.05 0.1 0.2 5.8 1 2

Figure 4: The function g(8) Eq.(A.15).

Taking into account that the probability of radiation of the photon with
the energy larger than wy is (see (2.7))

Ay (m% B g) , (A.14)
we obtain following expression for the factor g(5)
o(6) = exp (w(a) A@) = exp [ (C - § )| ra+A1+ 8774 14 872"

(A.15)
As one expected, the function g(f) is independent of the boundary energy
wy (A) and its expansion at 3 < 1 has the form g(8) = 1+ O(B?%). The
function g(B) is shown in Fig.4. One can see that g(f) ~1for f <02 a
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noticeable growth begins at 8 ~ 0.5, and at § ~ 1 the function ¢(B) increases

very fast.
This factor enters into the generalization of formula (2.5) for the case of

a thick target (8 > 1)

% == '?-grﬂ Re/ﬂ exp (iz) exp {-‘/; f_w_ [1 — exp (—i:i—l)] dw;}d:r

(A.16)
It should be noted that Eq.(2.5) was obtained as the solution of the kinetic
equation for the case when the probability of radiation dw /dw is independent
of the particle energy €. After the factor g(B) is incorporated, Eq.(A.16) is
the solution of the corresponding kinetic equation in the soft part of the
energy losses ((1+ f)w < €) in the case when the mentioned dependence of
the particle energy ¢ is included.
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