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1 Introduction

This paper is an extension of our previous work [1] to the case of spinor QED.
We will study the quantum non-equilibrium effects of pair creation in strong
electric fields. Backreaction of pair creation on electric field was recently
discussed by Cooper, Mottola at all [2]. They derived the semiclassical
Maxwell equation, carry out its renormalization and numerically solve it
for some initial conditions in 141 dimensions.Their numerical results clearly
exhibits the decay of the electric field because of screening by the produced
particles. We wish to make a step further and derive a Langevin equation,
taking into account a noise from quantum matter fields. To this purpose
we will use some mixture of Schwinger-Keldysh (CTP) and Feynman-
Vernon influence functional formalisms. It is important to note here that
phenomenological equations of motion with noise term can also be derived
using decoherence functional formulation of quantum mechanics. This was
done for some model quantum systems in [3, 4].

This paper is organized as follows: In Sec.2 we give a brief review of CTP
functional formalism, mainly to introduce notations. All essential details
can be found in [5, 6, 7, 8]. In Sec.3 we will obtain an expression for
the influence functional in terms of Bogoliubov coefficients for the case of
quantum electrodynamics with spin 1/2 charged particles. Then in Sec.4
we will obtain a CTP effective action in semiclassical approximation and
its cumulant expansion. It is the main result of this paper. We will apply
it for study of two interesting problems. First this result will allow us to
analyze the backreaction of created charged particles on electric field and to
derive a Langevin equation, which take into account a noise from quantum
matter fields. Then in Sec.5 we will use an intimate connection between CTP
effective action and decoherence functional [9, 5] to analyze how macroscopic
electromagnetic fields are “measured” through interaction with charges and
thereby rendered classical.

2 The Closed Time Path Functional
Formalism in Quantum Field Theory

Usually in quantum field theory our interest is in obtaining the amplitudes
of transition from in-states to the out-states. But in many cases, mainly
in statistical physics, we are concerned with expectation values of physical
quantities at finite time. To solve such initial value problems Schwinger has
invented close time path (CTP) formalism.
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Let us consider the expectation value of an arbitrary operator A:

<A>@)=Trp(t) A (1)

Here p is the density matrix that describes the ( mixed ) state of
the system. The density matrix does not necessarily have to commute
with the Hamiltonian, in which case it describes a non-equilibrium state.
Using relation p(t) = U (¢,0) p(0) U~ (£.0) where U (t,0) is the evolution
operator, inserting the identity operator 1 = U (¢,T") U (T,1) we obtain

<A>@)=Trp(0) U"1(t,0) AU(t,0) = @)
Tr p(0) U(0,T) U(T,t) AU(t,0)

Equation (2) can be pictured as describing the evolution of the system
from 0 to t, inserting the operator A , evolving further to some large time T’
(in practice, ' — oo), and then backwards from T to 0. The insertion
of operator may be achieved by introducing external sources coupled to
the particular operator. This suggests the definition of the CTP generating
functional

Z[JyJ_ | =expiW [y, J_]=Tr p(0)U (0,T,J-)U(T,0,J5) (3)

In the path integral representation we have

[
2 )t f D$:Dé:Dé (41 |p| 62) f Dé X
1

¢ T
< [Do-expi [at{Ligs-LIp-1+ ios=T-0} (@
¢2 0
The expectation values can be obtained as
% oW % oW
- — = o ——— 5
¢+ i ¢- 57 (5)

Then the CTP effective action is
Terp (¢4, ¢-]1 = Wi, J-] - Jody + T 6- (6)
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The equations of motion are

Tete s, Be o, "
d¢ 4 bep_
The physical situations correspond to solutions of the homogeneous
equations at$+ = ¢_. Then equations are real and causal.
To apply this formalism to our situation we should substitute the ¢ field
by the pair ¥ and 0. We will be interested in expectation values of ¢ only,

so we do not couple the ¢ field to an external source. Also we assume that
the initial density matrix factorizes p = py ps . Then we have

Z[J+,J-]= [ D1 Doy D2 Doy (:fl lpyl2) (o11ps]o2)
L7 & o

[DyDo [ D¢, [ Doy [ Dy [ Do
Y 3 o

i3

1 2

T
exp i [ dt { Ly 4] = Ly [0-1+ Ty 9 = I+
Lo (73] Lo [o-)+ Lint 1,41 ~ Lim ¥ 0]} = ®)
[ Dy Dyps (1 |py | tb2) [ Dy ﬁf Dy J Dy

1

T
exp i {dt{ Ly 4] — Ly [¥-]+ T4y — J-9- } @ [Py ]
where ® [ ,%_] is the so called influence functional

(I*[T,l.’),i_ ,‘l,fr)_] = EXp ’*;SIF [1;5.;. ,T;I?_} = IDJJ_D-‘J':; ({}'1 !palﬂg) f DU+ f Do_

7y 2

T
exp i ﬂf dt {L,[04] = Lo [0-] + Lint [¥4 ,04] = Line [¢- ,0-]} =

Tr [U(T,0;44) po (0) U™ (T,0;9-))] (9)
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It is now easy to show, using (8) and (9), that in semiclassical
approximation CTP effective action has the form

Tere [Y4+ :#’-] = S[Y4] = Slw-1+ Sir ¥+, -] (10)

From this relation one may derive the semiclassical equations of motion
for the expectation values of the ¥ field. It is worth noting that

Terp W4 ,9-] = —Torp [¥-,¥4] and Terply,¥]=0. (11)
: _

3 Influence functional for spinor QED

In this section we wish to find the influence functional in terins of Bogoliubov
coefficients (as in [10] ). The influence functional have now the form

®[A, Al =Tr [U(T,0;A") py (0) U™ (T,0; A)] (12)
To obtain U (T, 0; A) we will use the Heisenberg equation of motion
il = [&' —z'i-e,«i') +mp| ¥ (13)
g oz

We will choose A = (0,0, A (t)) and

V@)=Y s (b O 4t up} €5 (19

7o

where bz, and dfﬂ.a are usual annihilation and creation operators for

particles and antiparticles respectively. In what follows we will set volume
V = 1. Here wy (p) = w (P, 0) with

P@EY =+ (P -eAR) +m? (15)

Bispinors uz, and v_j, satisfy

[@ (7~ A () +mb] upo = wo (7 ugo

s (16
[cx (p —eA (ﬁ}) + mﬁ] v_g, = —wo (P) V_ps
and we choose them in following form
1 1 (0
Ugs = m=Toe) \ I )+ ™ | X
A
i 1 1
b ey o o m) >
where II* (1) = (w (7, t),p— Efi’(t)) = (W (5.1), i (t)) : (17)

9= (450, 0) wnd e
0

1
1 0 3 3
X1 = 0 y X2 = 1 and a®x; = x1;0°X2 = X2
0
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Then the solution of (13) for creation and annihilation operators has the
following form

by (t) = a7 (1) by (0) + B (2) d* 5, (0);

dtﬁa (t) = =5 (1) bgo (0) +ap(?) (f.tﬁa (0) (18)

where the Bogoliubov coeflicients az(t) and 35 (f) obey to a system of
ordinary first order differential equations

ap(t) = ihp(t) ap (t) + ig5(t) By (1) 5 Bp(t) = igs(t) oz (t) — i hy(t) By ((?g)
with

hi(t) = — 5k (L ()1 (0) + m?) = —2HELLOTQ o
95(t) = o= Jwd () - (18 (0)* (1P (1) - I (0))

Using last equations we can show that oz (1) and 85 (1) are expressed via
auxiliary functions fz(t) and @z (1) by following relations

ap (1) = /B0 i & f5(8) + S (8) [wo (5) - I° (1) + TP (0)]}

By (8) = /2 EREO (i & £5.(1) — £ (8) [wo () + TP (1) — I (0)]}
oy (t) = \[2EHEO L 4 o (1) + 5. (1) [wo () + T (1) - 114 (0)) }
By (8) = /2 BEO { i o5 (1) + ¢5 (1) [wo () = T2 ¢) + 12 (0)] |

(21)
with the fz(t) and @z (t) satisfying to equations
z = I, e~ wo (Pl
2 = = giwo(#)t
;f?ﬁ’g{t) - [wg (p,t) — de A] pp(t) =0; pp(t) = \/z(mu(;;nnﬁ(u]) att — 0
(22)

Equations (19-22) enable one to consider the particle creation in a
homogeneous electric field E(?) having an arbitrary time dependence. For
example the famous Schwinger results [11], describing pair creation in a
constant electric field and the results, obtained earlier for fields with fixed
time dependance (see review [12]) can be found using this equations . Note
that the number of created particles in p th mode is given by

ng = |8;|” (23)
8

Now we have enough formulae to find U(t, 0) using relations

bgo (t) = UtbzeU = agbs, + B dE;, ;

. i 24
dtp'a (_i) = U+dffg i -—}8;3' b_g,, + ﬂf_ffd_tgg ( }

here we take for brevity bz, = bz,(0); dfﬁg = dfﬁa (0).
We will skip the details of calculations and express our result in the
following form U = []; , Uz, where Uy, is (we drop the mode label)

U = S(r, ¢) R(0) (25)
where

5(r,¢) = exp [r (e#*®brd* + ¢ bd)] ; R() = exp [i0 (d*d+btb—1)]
(26)
S and R are called two-mode squeeze and rotation operators respectively.
The parameters r, ¢, 8 are determined from the equations

a=¢cosr;B=¢%" PPsinr (27)

This expression for U (t,0) may be useful in many situations. We may
for example, rather easily describe time evolution of density matrix p(t)
from arbitrary initial p(0) , more interesting initial states are : vacuum
state, thermal equilibrium and coherent states. Recently the time evolution
of density matrix at finite temperature was considered in [13] using the
functional Schrodinger representation. In this paper we will deal only with
vacuum initial state. Applying (12) and (25) we find that the influence
functional with vacuum as an initial state is given by

o (4, 4] = [T (o a5+ 55 55) : (28)
P

4 Semiclassical CTP effective action
and Langevin equation

We may now obtain for I'cpp :

Ferp[A', Al = S[A] - S[A] + Sir [4, A]
where Sip[A', Al = —iln®[A", A] = -2 ) -In [&:;;‘ oz + ﬁ;-"‘ ﬁﬁ]
(29)



It 1s useful to imtroduce new variables as

1
E=g(A+4); A=4A'-4A (30)
and define [10]

1 6" Sir[A, A
5."rz.---l 5‘,_.3 (tl)éﬂ(tn) i (31)

cﬂ-(tl! ey bn Etht}, ey Etn ,{]] o

The notation of C'(i1;ZEy, o] means C) is a function of ¢; and also a
functional of = between endpoints ¢; and 0. By virtue of (11) the C,’s are
real quantities.

Now we can write Syp as a functional Taylor series which have sence for

all A and =
o
SIF{A,, A] - f dﬁ.ﬁ (1"‘1) C']_(tl; E;hﬂ]+
o O !
+4 [dn [dnA(n) A(r)Ca (11, 72;50,,0,Er0) +
0 0
oo
..+ fd ~OTall (7'1)“.4’1(‘?‘“) Cn(Th---1Tn;En,ﬂ=---mErn,ﬂ]+
0
(32)
Following Feynman’s procedure of deriving Langevin equation [14] we
rewrite!
O oo
exp {m% Jdr [draA(r)A(m2) Ca(r1, 72,50, 0,Zr,0) + -
0 0
. n oo ;
+tﬂT f dry...dmp A (1"1) LA (Tn) C“(T]_ i En,ﬂ ; "'}ET,,,U) - } o=
0
= [ D€ P[¢,Z] exp {i fdr&{r){(r)}
0
(33)

The left hand side of (33) is interpreted now as a characteristic functional
of a stochastic process £(7). The probability density functional P [, Z] of
£(7) can be obtained from a given influence functional by inverting the
functional fourier transform. The C,’s are now cumulants of colour noise
(7).

We can use now I'epp [A’, A] to obtain the semiclassical Langevin
equations of motion using (7) in following form

1Here we closely follow the reasoning of Hu and Matacz [10).
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6Torp [4', Al
=1 34
N =
From (34) we obtain the Langevin equation
Aty= Ci(ts Ao +£(2) (35)

In our case we have from (29) and (31)

Ci(t:Ee0) = ~2¢ [ GriLs | (0° — eA(0) (lap (O - 18, () -
~V/mZ+ 7L (a5 (1) By (1) + 0 (1) B3 ()] =
= ~2¢ [ AL = /mT+ 7L (157 OF - les 0))
Ca(ni72;Er, 02r,,0] = (€ (1) € (2)) =
7 {%‘f%laﬁ(n Bg(m1) + _Tf?ﬁ’*/mE +pJ_E (ﬂrﬁ(n}z — ,8!-;(1'1)2)} X
X [2in{;-?]ﬂ§(7'2)ﬁﬁ(fz}+ - {P]\/m

( a%(m2)? = B3 (12) )] + (11 «— 72)
| (36)

It is easy to show that without noise term Eq.(35) is equal to the
semiclassical Maxwell equation, obtained in [2]. Then renormalization of (35)
can be carried out as in [2] . '

So we obtain the finite renormalized Langevin equation that describe
the process of pair production in a spatially homogeneous electric field and
the backreaction from this pairs on time evolution of the electric field. The
solution of the Langevin equation is beyond the scope of the present paper.We
plan to consider this solution in future.

5 Decoherence in spinor QED

In this section we will show ,using the results of previous sections, how
the programme of decoherence [3, 15] can be applied in the context of
quantum electrodynamics in some detail. We then analyze an example where
macroscopic electromagnetic fields are “measured” through interaction with
charges and thereby rendered classical. This example was discussed recently
by Kiefer for scalar QED [16] using different point of view.

In the consistent or decoherent histories formulation of quantum
mechanics [17, 18, 19]the complete description of a coupled ¢, ¢ system is
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given in terms of fine-grained histories ¥ (), 0 (t) . Let us take as a coarse-
graining procedure of summing over the o field. In other words the o field
play in our case the role of environment. Then the interference effects between
coarse-grained histories are measured by the decoherence functional D [v, ¥'].
It was shown in [9, 5, 20] that the decoherence functional, which is the
fundamental object of the decoherent histories formulation, is connected with
CTP effective action by following relation

D{HL’, T,ff'] s Ei Cerp [1.{‘ n*f)'] (3?)

The coarse-grained history 9 (t) can be described classically if and only if
the decoherence functional is approximately diagonal , that is, D [y, ¥'] = 0
whenever 1 # v¥'. Now after this very brief discussion of the some aspects
of decoherence,we will proceed to discuss an example where macroscopic
field strengths decohere through their interaction with charges.We wish to
consider, as an example, a macroscopic superposition of two electric fields,
one pointing upwards, and the other pointing downwards. In the case of spinor
QED we obtain from (29,32) using dimensional considerations and omitting
unessential phase factor that

: ) 9 7 ©0 2k
D [A, A"] i i FETP[A Jﬂl ~ exps — Ve & ax (_J_E_:.) (33}
m .ot Eq

Here a; ’s are numbers and Ey = m?fe ~ 10'° V/cm. It is clear that,for
example, at E & 107 V/cm ( when E/Fo ~ 107° ) we can neglect all terms
with k& > 1. Now after an easy calculation we obtain

(39)

Note that the interaction with the charge states leads to an exponential
suppression factor of the corresponding interference terms for the field; in the
infrared limit of ¥V — oo one finds exact decoherence.

Thus the programme of decoherence [18] may successfully be applied
in the context of quantum field theory using the concepts and methods of
nonequilibrium statistical field theory.
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