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ABSTRACT ¢

The cross section of slow e ¢ -pair annihilation into
two and three photons is calculated taking into . "
account relativistic corrections up to second order in
relative velocity. The contributions to the cross seclion
from total spin zero and one in the initial state are
separated from each other. The result is used for the
estimation of a part ol second order radiative correc-
tions for the ortopositronium width. The discrepancy
hetween theory and experiment cannot he removed by
these corrections.
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The discrepancy with the theoretical prediction for ortopositroni-
um width up to one loop radiative corrections {(RC) [2] was found
in recent measurements of the positronium width [1].

The second order corrections must be anomalously large to
remove this contradiction:
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The systematic calculation of RC up to second order has not yet
been performed, but some particular resuits are known. For example,
the logarithmie contribution [3]
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is negative, but it can be canceiled by the positive contribution aris-
ing from first order corrections in (1):
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In this work we estimate so called «relativistic corrections» aris-
ing from the relative motion of electron and positron which we
regard as [ree in this approximation:
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(where 2v is a relative velocity in the c.m. system, v/e=p~a).
These corrections turn out to be negative emphasizing a necessity ol
detailed calculation of second order perturbative RC as well as the
same order corrections to a positronium wave function following
from the Bethe — Salpeter equalion.

In the first part we obtain a contribution to a differential cross
section of annihilation into two hard photons arising from virtual
and soft photons, and in the second part we consider an annihila-
tion process into three hard photons and give a total cross section
in the p< 1 limit. In the third part we separate from a three photon
annihilation cross section individual contributions from the total

spin zero and one in the initial state ol e'e -pair and obtain the

relativistic corrections to ortopositronium decay rate. We conclude
with a brief discussion of other possible sources for second order
perturbative corrections.

1. The two photon annihilation cross section
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which takes into account low order RC was first derived by.Harris
and Brown followed by other authors. We make use of a result of
Berends and Gastmans [4] which is free from misprints. It has the
form
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where 8§, takes into account virtual photon exchange:
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)his a «fictitious mass» of this photon;
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Additional soft photon emission with an energy less than As<¢ in
a c.m. system is taken into account by 6¢
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The second term in square brackels is interpreted as effect of
Coulomb interaction of initial particles and is neglected when deal-
ing with the positronium width.
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2. A three photon -annihilation cross section of unpolarized
e e -pair has the form [4, 6]
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The quantity | M |2 can be derived from a similar one for the double
Compton scattering process studied by Mandl and Skyrme in [5]
and looks as
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Decomposing (12) in B up to terms of order ~p? and integrat-

ing over photon emission angles with respect to a beam axis (p_-)
with the help of equations [6]
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we obtain the following distribution in final photon energy bran-
ches:

L33 ders

3pA°

+pY —164284 — 1A% 4-(16—114)
: 6

{A(s2—2s3+54) +

so—(4+A) s3]} d’x8(2x—2), (15)

where
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A = X1 Xa2X3,

To obtain a total three photon annihilation cross section, we
have to integrate (15) on the domain

Ta=2, A<l (15a)

and to divide the result by 3! because of Bose-statistic of photons.
Performing this we get
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To total e™e -pair annihilation cross section for the p< 1 case is
derived by adding (16) to the result of integration (10) over photon
emission angles (divided by 2!) and has the form
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is the Born cross section mth Coulomb interaction of initial par-
ticles taken into account.

3. At first let us determine spin structure of an electron and
positron state which can decay into two or three photons. A charge
parity of a state of eTe™ -pair with angular momentum { and spin s
decaying into n photons is Co=(—1)""*=(—1)" In the p«l
domain only =0, 1, 2 can give a considerable contribution as is
seen from the demmpmmtmn in p of characteristic fermion propaga-
tor (1 —pcos0) ' in matrix elements of 2y and 3y channels. For
the spin zero state the main (two photon) transition mode corres-
ponds to S-state, {=0; the three photon channel is suppressed by a
factor-p® and corresponds to /=1 state. This fact can also be seen
from the form of two photon annihilation cross section (see (10))
which contains inirared divergences in the A—0 limit. These diver-
gences would be cancelled when we take into account extra
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hard photon emission, i. e. with the divergences of a singlet initial
state part of three photon annihilation cross section.

Now we have to construct a matrix element of a singlet e”e
state annihilation into three photons. Let us choose a quantization
axis (z) along the beam axis (p ) in the c.m. frame. The electron
states with momentum p and z-projection of spin +1/2 is described
by spinors U ,(p), (M=1):
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The positron states with momentum —p and z-projection. of spin
4+1/2 is described by spinors V , (—p):
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The matrix element of a singlet eTe™ initial state annihilation into
three photons is proportional to a combination '
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The quantity @ corresponds to six Feynman diagrams of three
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quantum annihilation. Since we have free electron and positron spi-
nors in the initial state, Q can be presented as
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it is clear from this form that only —yoys piece of the singlet state

projection operator gives a nonzero contribution because the trace

of an odd number of y-matrices equals 0.

It is useful to check™ that M, vanishes in the p—0 limit.
Actually, in this limit" Mo is a sum of three quantities ol
R=Sp (Qi2s+Qs21)voys type. Writing R=5Sp L (i
4 Qas1) CCyoysC, where C=yoy2 is a charge conjugation matrix and
using properties Cy,.C= —(v,) T CyoysC =(oVs) 4 Sp[]rzSp 0, we
see that R=— R=0.

Taking trace (19), summing a squared modulus of matrix ele-
ment over photons polarization states and integrating over angular
variables of final photons with the help of (14) we obtain™ the fol-
lowing spectral distribution for the spin singlet state:
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Sa1=x1x3 (X7 4 x3) + XaX3 (x34x3) +x1x2 (K + x3) ,
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We have (3!) ' factor in (21) because of identical photons. The
integration of (21) on the domain (1ba) gives
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Subtracting (22) from (16) we get the triplet state annihilation
cross section into three photons:

) We thank V.S. Fadin for discussing this point.
*} REDUCE system was used in calculations.
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Estimation of the second term in square brackels gives a size of
«relativistic corrections» to ortopositronium width which we quote
above ‘(see (3)). For the annihilation cross section from singlet
state we have (summing (10) and (22))

o 'S0 Ptn 3y _ o {1__3_ (a T_)_ ap” (ﬂ_ X )} (24)
n 1 w A9 7 38

Estimation of the five photon decay mode contribution to the posi-
tronium decay rate As/A;~10° shows that this mechanism cannot
explain a discrepancy between theory and experiment. Corrections of
order (a/m)%-350 are hardly expected from the two-loop approxima-
tion —they are not natural for QED. Laying aside a question about
exotic particle and interaction manifestations we mention a problem
of the more precise solution of the Bethe— Salpeter equation [9],
and possible incorrectness in (a/n)* order presentation_ ol the posi-
tronium decay amplitude in the form [7] M=\y(p)Mo(p)dp. These
questions need further analysis. A confirmation of the experimental
result [1] is also desirable.

One of us (E.A.K.) wishes to thank G. Lepage and D. Yennie
for critical remarks, also we are grateful to S.I. Eidelman for
reading the manuscript.
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