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ABSFRACT

By means of a change of variables in the functional
integral, the action of a Fermi-system with a lwg-bﬂd}r
interaction is expressed through the group variables,
corresponding to the fermion’s evolution operator
in external field. It offers a possibility to remove
the strong time-nonlocality of the action making it
available for introducing the collective variables_.

© Hucruryr adeproii pusuxku CO AH CCCP

The problem of a correct discription of collective excitations
appears to be one of the fundamental problems in a theory of finite
Fermi-system. The main difficulties are connected here with the
problem of correct separation of the degrees of freedom of the
system on the single-particle and the collective ones, the latter
should correspond to a some kind of Bose variables, while the
Fermi operators [1] are the original objects. The problem has been
solved by the method of «boson expansion» of Fermi-operators, but
only partially because of the fact that this technique is limited by
the necessity to consider small amplitudes of the collective motion
near a fixed «vacuum» only. Of the most .interest in the physics of
collective nuclear motion is the structure of the collective mode in

- the region of the phase transition to a finite deformation for large

mean-field fluctuations. In the consideration of such nonperturbative
motion, the question concerning the rigorousity of a change of vari-
ables used in the derivation of a collective Hamiltonian acquires to
be of a greate importance. In a such context, the method of func-
tional integration [2] seems to be the most ade(}uate one.

Starting with the propagator G(T)‘:TF[E_EH ] in a form

r
G(T) :5 Dy Dyt exp { i 5 df(li;{]‘(fa{—"ﬂkj Ok \pr— ué__qjﬁ Vi Viesw Vot ka,) } (1)
0

(repeated indices are assumed to be summed over) describing a
system of nonrelativistic spinless fermions (y, ¢+ are the Grass-
manians), one may obtain the expression for G(T) in terms of the
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Bose field only [2], introducing a Bose field o(f) and then inte-
grating over the ¢, ¢™

G(1) =§ Doexp{ | dt-L o) (V"Ynsi orelt) + I Det [ (01— es) 8+ 0l (2)

0

Being equivalent to Eq.(1), the expression (2) contains the whole
information on the system (in the functional integration, all the con-
figurations of the field o (f) should be included, not only the «equi-
librium ones» 1i.e. the ones satisfying the relation ou(f)=
— VierwWr W as it is widely assumed [2]). In the most general
context, the problem of extraction of the collective variables reduces
to finding the directions in the functional space of o(f) along which
the action changes slowly while increasing sharply in all the ortho-
gonal directions. However, it turns to be a difficult thing to do
when manipulating directly with the (2) because of a strong tempo-
rary nonlocality of the second term in the action.

The main idea of the work®™ is to consider as an independent
variable not the field o(¢) itself, but the exact evolution operator for
the fermion in the varying external field o, which offers a possibility
to deliver irom the strong nonlocality of the action and to rewrite it
in a form convenient for introducing the collective variables. In fact,
it means the transition from the variables describing the fluctuating
potential created the particles themselves to the ones describing the
related scattering data. Let's introduce the following variable
U(t, 0) obeying the equations

('Eaf—h{f)) U{ts [}) =0, hlk{f} =E"6fk_ﬁm(f) | {3}
such as Pi(t) = Uw(t, 0)¥:(0). When having fermions of Q kinds,
the U(t, 0) is a generator of the group U (). Treating the compo-
nents of the field U(RQ) as new variables, let us pass to the func-
tional integration over the U(t) in Eq. (2) using the Faddeev—
Popov procedure:

G(T)=\ D[ U] D[ o] exp (iS[o]) § h—(ia:U) U'] J. (4)

Here, the 6 [A— (id:U)

if

the transition Ja{:ﬂblan Note that Eq. (4) coincides with Eq. (2)

*) The same method has been used earlier by the authors of Refs [3, 4}_
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U~'] means the [[ 8(hix—((id:U)U)w) and J is

while J proves to be an irrelevant functional constant if
D[U] means the standard invariant measure on the U(Q)  [5].
Consider the functional determinant |dou(f) /0o (t’)] for the
being the group parameters in an arbitrary realization. According to
Eq. (3), it is equal to the determinant ol the matrix

8(t, ') doult) s 8(t, ') dou(t)

A {{ f} aa’ak(} aa‘a k{f}

Up to a functional constant, we have

Iﬂl—-‘ aro(e, <) Att, 1) | = | LB 00w 8. doult)

da, A1) G, A1)

where the 6(¢, t) is an ordinary step function, and the first term
does not contribute to the determinant being the triangular matrix
with the zero diagonal elements (in time variables). Using Eq.(3),
we obtain:

c?ﬂw(f:l i )
0dpplt)  Odylt)

(i0.U) U™ ;,k=(( 2 U) U")m.

l:t.l-rk.-

The determinant of the product of this matrix and the conjugated
one, i. e. ((id/da;U) U™ "), proves to be equal to | M| for

mif=Tr [( : u) U (iu) v—']
ﬁﬂm ﬁ'tx.,!;

being the metric tensor on a group [5]. Then it follows
=[] Dl aw] |Al =[] Do IM|'? which coincides with the
ik ik

definition of the invariant group measure D[U] [5]. Integrating
over the o in (4), we have the G(T) expressed over the U and its
derivatives only:

G(T)={ D[ U] exp(iS[(ia,U) UT']) . -

The convenience of the new variables clears up below when a con-
crete realization of the group elements U is introduced. The tempo-
rarily nonlocal term in Eq. (2) may be expressed in the form

\ D[ o] exp[ In Det (id,—h)] =Tr U(T),

where the trace should be taken in the Fock space of the many-par-
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ticle wave functions. According to the periodicity of o(f), the
single-particle basis {|k)} of the Floquet functions there exists in
which the monodromy matrix (i.e. evolution operator per period,
U(T)) proves to be diagonal [2]. Thus, the problem of finding the
fermion Green function in an arbitrarily varying field reduces to the
much simpler problem of diagonalization of the time-independent
operator, and we are able to use its formal solution. For this pur-
pose, we represent an arbitrary element U(¢) in the form:

U(t) = O(t) exp (—ika(I) Bkk) O~!(t), O(f) —exp (;— Y wult) B.—k), (5)

i== kb

k

where Bi,=a"a, are the fermion pair operators in the reference
basis, and O(¢) is some auxiliary unitary transformation for
xei=yir. Then, the single-particle states |E) =0(¢)|k) proves to be
the Floquet functions, and to use the Slater wave functions com-
posed of them makes the problem of calculation the trace of U (¢)
trivial. As a result, Eq. (4) takes the form:

T

G6(r) =\ DU exp{ i{ dt Tr (ol U®)] V=1o[ U(D)]-In Z] m;(ﬂf}} . (6)

0

where the o(f) is resolved over the U(f) from (3), and the func-
tional Z coincides in form with an ordinary statistical sum in a
canonical ensemble:

Zl wl(t)] =Trexp [—EZ aitag mk(f)] = Z exp [-iz e mk{f)] : (7)
k i J

FJ.*I'

Noting that, according to Eq. (3) it follows mk[ﬁ}%ﬂ, we pass
from (5) to the following expression for the G(7):

G(T)={ D[ U] exp (f

[ S

d [Tr[(ef—-i[é‘;[f} U=" V=Yl —i(a,U) U—Y] —

—iot) Z- o] <= Z[o(®)] | ). (8)
E."m;,»

In this formula, the action turns out to be a «quasi-local» functional
expressed through the parameters yi, ©x as well as their first deri-
vatives, and Egs (5, 8) may be considered as a final result. Let us
point out two following facts concerning Eq.(8): i) in a considera-
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tion of an.adiabatic collective mode, (the typical frequency wc < wp)

the statistical sum in (6) is dominated by the one term for the «Op-

timumy» set [n:], and the second term in the action takes the form

—) 0it)fie=—) fExt) where the E,(t) is the instantaneous eigen-
k ke

values of the time-dependent Hamiltonian corrected by the generali-
zed Coriolis force [6], so the results of the adiabatic treatment are
reproduced; ii) the formula (8) is an exact expression and it may
be used for a numerical computer analysis. Moreover, in spite of its
visible complexity, it turns out to be convenient for introducing the
collective variables. Within the operator formalism, the collective
degrees of freedom may be identified with new operator combina-
tions, such as Co=) quai*as, for the latter being closed (at least
ik
approximately) in terms of the commutator algebra. From the
whole set of U(Q) elements, there is a subset of «collective opera-
tors» forming a group of a small dimensionality, Ge. Realizing the
least action principle for all the directions which are orthogonal to

‘the «collective» one, et us take the U(?) in the form

U(t)=Ugexp | —i Y i) Bie| =[] e*“exp[ 3 utut) B4
ik @ ik

where the last multiplier describes the small deviations from the

«collective» path (yfe<1). Then, the measure in Eq. (9) may be

taken as D[ U] =D[Uc][] D[y%], and the calculation of the time
ik

derivatives of the operator exponents in (8) is simplified because of
the number of noncommuting (collective) operators being a few
now in the correspondence of the small dimensionality of the collec-
tive group G; (commutators of C, with the transverse modes gene-
rators may be neglected). Also, the calculation of the «collective
part> of Z depending on the several coordinates X,, may be perfor-
med analytically in many cases. At the last step of the construction
the collective dynamics, it should be verified that the minimization
of the action in the variables y% reproduces a posteriori the initial
assumption that y/,=0, after which one should expand the action up
to a second order on these variables and then perform the corres-
ponding Gaussian integration.
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