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ABSTRACT

It is shown that the consideration of dressing (gauge)
transformations nonlocal on all spatial variables and
spectral parameter allows one to extend the class of
general Backlund —Calogero transformations for the
Kadomtsev — Petviashvili equation.

© Hucruryr sdepuoti pusuxu CO AH CCCP

A study of the recursion and group-theoretical properties of non-
linear equations integrable by the inverse spectral transform method
(see e. g. [1—4]) is an important problem of the theory of nonli-
near evolutions (see e. g. [2, 3, 5]). Recently an essential step has
been done in the understanding of these properties for integrable
equations in 142 dimensions. Namely it was shown that the usual
hierarchies of integrable equations in |42 dimensions, their
symmetries and Backlund —Calogero transiormations are generated
by a single bilocal recursion operator [6—13]. The bilocality on one
of space variables (x or y) is an essential and common feature of
these results. The bilocal approach is applicable to integrable equa-
tions in 14 ldimensions too [8, 10—12).

The purpose ol the present letter is to demonstrate the possibi-
lity of constructing Backlund — Calogero transiormations (BCTs)
which are wider than those constructed earlier in [5—11]. These
wider BCTs are related to the dressing (or gauge) transiormations
which are nonlocal on all spatial variables and spectral parameter.
These generalized BCTs are calculated via a bilocal on all spatial

‘variables and speciral parameter adjoint representation of given

spectral problem. These generalized BCTs seems include also a ¢-,

x-, y-dependent symmetries which were considered in [14—18, 7].
We will consider here a well known Kadomisev— Petviashvili

(KP) equation o°= 41)

Uf{qu, Ijlzerx'+6UUx+3'jza_x_1Uyy. {l}

The equation (!) is integrable by the two-dimensional problem
1, 2]



L, ¥ & (68,4 32+ U(x, y. ) ¥ =0. (2)

A change ¥ given by "Llfze:{p(flx#— -l—lgg) LTJ‘(x,y,l] (h=C)
1]
converts (2) into the spectral problem

(Lyy+2ir0,) ¥(x, y, 4)=0. (3)

The spectral problem (3) has appeared in the framework of d-ap-
proaeh to the KP equation (see e. g. [19]). This spectral problem is
our starting point too.

Let us consider the completely nonlocal gauge (dressing) trans-
formations

Yix, g, )=V, )= Vdndxdy Gix', x; ¢, y; 1, ) W, g, A) (4)
for the problem (3) and assume that:
(Loy +20000) V(&' i, W) =(00, + 0% + U, i)+ 200, ) ¥ =0, (5)
As a result G obeis the equation

%{L;.-,y, — L) G, 5, o g N, N =(N 3y 4-48,) G (6)

where Lt = —068,4 0%+ U(x, y) is the operator formally adjoint to
L. ~Note that the bilocal quantity @', x4,y A, A)=
E;”‘Tf’(x’,y’,l’}‘-lf(,x, y,*) where (L ,—2i)d,)¥=0 obeis equation
(6). Equation (6) is the bilocal on x, y and A adjoint representation
ol the problem(3).

An application of the completely local gauge transformations
(i. e. G=8(MN—n)8(y —y)d(x’—x)G) for the construction of the
BCTs in 14+ 1 dimensions has been proposed in [20, 21). The trans-
formations  (4) local on 3 and bilocal either - on -«
(G=8(M—A)8(y' —y)G) or y (U=0(A"—A)06(x"—x)G) have been
used in [7—9, 12]. Infinitesimal dressing transformations (4) non-
local on A and local on x and y (G=06(x"—x)8(y'—y)G) have
been considered in [16].

Note that equation (6) is equivalent to the following

‘?{L;,Iy,_,g;y)G=[3.+r}++h_a_){? (7)

where ). % ; (A"=4=A) and 9.
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A possibility of constructing different nonlinear transformations
associated with the KP equation (1), in particular, the generalized
BCTs is connected with a choice of different Ansatzs for G.

Here we will consider some simplest cases. Let us choose G as

N
G: (‘]':‘;‘._.';_ }.\,'I Z }-1 {F_q[:x-” x; y.r‘l‘ 9‘, :'n._]
n=0

where @o=206(x"—x)8(y' —y) . Substituting such G into (7) one
obtains

A@ AL qo) =0, (8a)
Oron=0, Ai@=g,_, (n=1,.., N) (8b)

where A is a projection operator onto the dragonial t'=x =g
A 8 del Q IxJ=_t.1yJ=y and the operator A, is

Ap=0%'—(Lby—LY)=
= %(df +0,)7H0 (0, 4 8,)+ 0 — 6 + U'(w', y) — Ulx, y)). (9)

The relations (8b) give ¢y =/fy (x'—x, ¢, y) where fy is an arbitrary
function and qﬂ-n:hi [v . Substituting this expression for @o into
(8a) we finally obtain

Ay AYT! =0, (10)
The consideration of the infinitesimal gauge transformations (4)

(V'=W48Y, ¥ =¢cW,) with the same Ansaiz for G gives the
hierarchy of the integrable equations

Ui(x, y, h=A@ L AL . 1) (11)
and their symmetry transformations
SU=A@ AT .. (12)

In formulae (11) and (12) one must put U'=Ulx,y’, 1) in the ope-
rator AL.
Note that A=A.A, where A, and A, are the projection opera-

5



tions onto the diagonal x'=x and y =y respectively:

AQU ., x g, =0 l,_,, AQUK x vy, y= Qly —y- The operator Ay
contains the derivatives 9, and &, only in the combination 4, —|—6
and hence it admits a d;rect projectmn onto the diagonal y' =y. Ab
a result the BCTs (10) and equations (11) can be rewritten in the
form

A (0 AT fy)=0 (13)
and
Urlx, g, =8, (04 AL -1) (14)
where A, del AyA 4 is the operator bilocal on x

A-.r’,.r =ra.t’ +a.a .(Gay +a.f g fjj —I_ Ur{xjr y}_ U(X, y})‘

The operator A, does not admit a direct projection onto x'=x.
But one can easily check that an action of the operator A,A% on the
vector fields of the form A" .l is equivalent to the action of the
bilocal on y operator

Lyy=— %{ d; +20(d, — 0,)+ U+ U+0, ' (U'+ U)o, +

+ 0, (0(0y + 8,)+ U'— U) 8, '(0(dy +8,)+ U — U)}

where U'=U’(x, y’). Correspondingly the BCTs (10) and equations
(11) can be reperesented in the forms (N=2M+41)

Ay (B AT Iy, 1) =0 (15)

Ui(x, y, H=A, (8, AJT' 1), (16)

and

The operator A, , (up to the factor i/2), the general BCTs (13),
the hierarchy (14) and their symmetries coincide with the bilocal on
x recursion operator, the KP hierarchy and its symmetries construc-
ted in [8, 12] by another approach. The operator A, , bilocal on y,
the BCTs (15), equations (16) and their symmetries coincide with
those constructed in [6, 7, 9—11].

Now let us choose G in the form

M
G=06(A4+1) Z sl o T e

m=(0

Using this Ansatz for G we obtain from (7) the following BCTs
6

A(_ AT E)=0 (17)
where &y, =&, (x'+x, y’, y) is an arbitrary function and

Am =07 (L — Ley)=

%{a =) o8y —0,)+ 0p—0; + U, y)=Ulr,y). (18)

The corresponding infinitesimal symmetry transformations are
SU=A0_ A" L' +x, ¢, 1).

It is easy to see that d L AL =0_A_= ;—H.,:fyf—ﬁ). So in fact the

operator L ,— ny plays a central role in our approach.
Emphasize also that

Ap(x, ¢, g) DA, L)=2D(x", x, 4", y; A, A)
and
A(x 2y, y) DA, —A)=2Dx", x, 4, y; A, — k)

where ®(x’, x, 4", y; A", L) e ‘i""ﬁ: i A) ¥(x, y, A).

Trdnafurmatmns and formulae (10) — (18) can be easily derived
also for the Ansatzs G--vﬁ'(} }G and G=06(A)G. The corresponding
results are given by (8)—(18) with an obvious change 94—4d,,
d_—d,. In this case h—fh(x y gyl and Ey=gu(xX, ¥ 1)

At last for the Ansatz

.'v
—4) Z AL '-I-J.P‘E{-r!gx: yf, Y, l-‘-]

n=0

G=58(1""— A

the relation (7) gives

{.L;’,y' 3 foy} Po=0- @1,

01gy=0, — d_ go=0 (19)

and
;;{L;ﬁy’ —iaj_y]¢n=5+ q:'n—-—l_!‘a — P41 (ﬂ=l, ey N— ”
As a result the generalized BCTs are of the form

A(Py(A—, 0270 +) @olx"+x,4, 4 ))=0
7



where Py is polynomial on A_ and 6='6. the form of which is de-
termined by the recurrent relation (19).

In a similar manner one can consider the general case
G=8(f(V,1))G(x',x, ¥,y ) where f(A', 1) is a some function. For

N
example, at =M —24% and G= ). 2. the generalized BCTs are
n=l

given by the relation
A3 Py(A, 05 00)-1)=0

where the polynomial P, is determined by the recurrent relation
Lon=0,42+ 0,y (gy=¢y_, =1) and the operator L=4"'X

Xl — L)

In the one-dimensional limit ¢,~0, 0,—~0 all these formulae
give the corresponding generalized iransformations and symmetries
for the Korteweg —de Vries equations.

One can obtain the similar results for the matrix problem
(0e+A0,+P(x,y,1))¥=0 and the problem (0F —o?0+
+@(x,4) (0c+03d,) + U(x,y)) ¥ =0 too.

I am thankful to F. Magri, A. Orlov and P. Santini for useful
discussions.
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