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ABSTRACT

We show that, unlike single instantons, the small size
instantonic molecules become more important with the
increase in number of light fermions till, finally, their
density becomes ultraviolet divergent. The correspon-
ding critical number is below the point where the
asymptotic freedom breaks down.
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General role of the light quarks in the QCD vacuum remains a
matter of dispute in literature. Some people suggest (and practi-
cally apply) the so called «quenching» approximation, neglecting
the fermionic determinant in the gauge field weight function. To the
contrary, studies of the instanton-related phenomena shows that this
determinant strongly affect gauge field configurations, see e. g. our
previous work [1].

In this work we present new arguments on the importance of
light fermions, considering what happens if one gradually increases
their number. We show that the quark-induced interaction among
instantons and antiinstantons gradually becomes so strong, that,
via a set of phase transitions, this effect probably makes the theory
quite meaningless. As far as we know, such phenomenon leading to
power ultraviolet divergences of the nonperturbative nature is new
for gauge theories, although it is somewhat similar to the well
known (logarithmic) divergence of the one-instanton density in the
two-dimensional O(3) sigma model .

The instantonic molecules are some gauge field configurations
made of an instanton-antiinstanton pair. Similar objects are well
known in physics (e. g. the «vortex molecules» in some planar mo-
dels), their first discussion for d=4 gauge theories with light fer-
mions was made in Ref. [2]. More precisely, we are going to dis-
cuss «small molecules» which have both the pseudoparticle radii 01,
p2 and their separation R small compared to strong coupling scale
A7'~1 fm. Therefore, the relevant action is much larger than unity
and the relative smallness of quantum efiects is garanteed. We also
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distinquish «compacts and «dilute» molecules, with R<Cp and
R> p, as well as «symmetric» and «asymmetric» ones, with p;~ps
and p; > po.

As it was discovered by t'Hooft [3], one single instanton cannot
exist in the «perturbative» vacuum ol the gauge theory with mas-
sless quarks. If its mass m is nonzero, or one accounts for the non-
zero quark condensate ({yyp) [4], the instanton (space-time) den-
sity dn(p, N;) (depending on the radius p} is equal to

dn(p, Nj) ~(mp +const (Fp)p’)" dn(p, N;=0) (1)

(As we are interested only in the dependence on the number of
light flavors N;, we do not discuss that for pure gauge theory
dn(p, Ny=0).) The main lesson is as follows: increasing N; one
finds stronger suppression of small size instantons. As it is well
known, such suppression is related to the fermionic zero modes of
the topologically nontrivial field configurations. We are going to
show, that there is no similar suppression for (topologically trivial)
«molecules».

Let us discuss the theoretical status of the molecular-type confi-
gurations, which were not much considered in literature. They are
not solutions of the Yang — Mills equations for they are not the acti-
on minima. Instead, they form a kind of a «valley» , with a nonzero
slope along some «longitudinal» coordinate, changing along the val-
ley and being the instanton—antiinstanton separation R. However,
if this slope is much smaller than that in all other directions in the
configuration space, its separation is meaningiul. The so called
«streamline» set of configurations (the bottom of the valley) were
explicitely found for some toy models [5, 6]. Unfortunately, it is
not yet done for gauge theories.

Therefore people use some approximate parametrizations of the
configurations in question. The simplest «ansatz» suggested in Ref.
[7] is just a sum of A](x) for the instanton and the antiinstanton
in the singular gauge (we call it «DP ansatz» below) . Unfortuna-
tely, it spoils field properties near the pseudoparticle centers and
therefore it is better to use the improved one, e. g. [8]
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Here v, is tHou[t symbol, UP(UY’) are some color «orientation»
matrixes and ¢ (4i') are distances from the point x to the instanton
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(antiinstanton) centers. In this case there exist two finite maxima of
the action density, which may be used for the definition of the ro
parameters. At large R the action deviates from 16a* only due to
the well known «dipole interaction» [2]. At R~p the resulis are an-
satz-dependent. Numerical studies [8] of various trial functions ha-
ve shown that for R> p (2) is delinitely very close to the «stream-
line». Moreover, the slope along the valley (or the «iorce», attrac-
ting the pseudoparticles) is very small in this region, and even cor-
rection to total action is less than 109%. The compact molecules, on
the contrary, are not well described by (2). Thus, in order to make
our conclusions more convincing, we restrict our discussion only to
the case R> p. As the contributions of «compact» and «dilute» mo-
lecules are just additive, it is not important for qualitative conclusi-
on made below. .

Let us now discuss the fermionic determinant, starting with the
«asymmetric» molecules with, say, p;>ps. It is quite clear that for
smaller instanton one may apply the operator product expansmn
formalism, as for (1), and obtain the small factor (ps/p\)". Thus,
suppression of «<asymmetric» molecules is at large N; evident.

Now we turn to the case of very «dilute» molecules, with R>>p.
In this case one may separate the «nearly zero modes» from all ot-
hers, and the small factor due to them in the quark determinant is

2N,

det D) ¥ = { 5 TrUF UaR) F(Ri}} =[cos®RFR*™  (3)

where R, is the vector connecting two centers, R=R,t,, T are the
Pauli matrices and t4=i. (Note that we have introduced here the so
called relative orientation angle ®.) The asymptotics at large R is
F(R?)=2/R* [9]. Thus, very «dilute» molecules are unimportant
too.

(One more important conclusion following from (3) is that wha-
tever is R, the relative orientation of pseudoparticles is nearly fixed.
Indeed, the allowed wvalues of ® group around 0 and a with
AD®~N; % As the phase space in the SU(2) group is sin’® d®,
only its small fraction is in fact populated. This conclusion holds
starting from low N;=2—3. Note also, that at this value of @ the
classical «dipole» interaction is most attractive.)

Thus, we have shown that the most important molecules are tho-
se with p; ~p, ~R~p. If so, their total density in vacuum can be ob-
tained just by simle dimensional arguments
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dn™" (p)=const E:Lj(pmﬂ”“ <8 (4)

Here b= (11/3) No— (2/3) N; is the coefficient of Gell-Mann-Low
function, while § corrects for the deviation from twice the instanton
action (we again remind that, at least for R> p, 6<<0.1).

If 6(1—38) <2 the density (4) is divergent at small radii p: this
is the «nonperturbative divergence» mentioned above. Note that this
critical value (8 for two and 13 for three colors) is still below the
point where the asymptotic freedom is broken. Note also, that beca-
use in «compact» molecules the action is reduced stronger, their
density may be divergent even earlier. Near this critical point the
molecule density (and the nonperturbative vacuum energy density)
becomes infinite. Does it spoil the theory completely, or this infinity
may be removed by a sort of «renormalization»?

We argue that just in the vicinity of the critical point the latter
possibility seems to be the case. Although infinitely numerous, the
small-size molecules still occupy negligible fraction of space-time:
the integral | dn(p)p* is convergent. Similar situation holds with
physical observables. Small molecules affect particle propagation in
vacuum, but their contribution to quark or gluon effective mass is
of the order of | dn(p)p? also convergent at the critical point menti-
oned above. This argument shows that there should be two critical
points at which &(1-8) crosses 2 and 1. We suspect that at the se-
cond one the theory indeed becomes meaningless.

Few words about aplications of the phenomenon discussed in
this work. Of course, they take place at the unphysical number of
light quarks, but they may be used as a test for lattice numerical
experiments. Althogh it is not easy to see small-size molecules on
the lattice directly, their influence may be detected indirectly, for
example by enhenced deviations from the perturbative scaling.

In conclusion, light quark exchanges strongly rearrange the pse-
udoparticles in the vacuum starting already from few number of
flavors. Small-size molecules become more probable at larger N;
and, finally, at some critical point, the vacuum contains infinite
number of them.
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