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ABSTRACT

Closed expressions are obtained for the quark electric
dipole moment and induced @ -term in the Kobayashi-laskawa model
in the approximation Gznh.

1. The quark electric dipole moment (edm) in the Kobayashi-
Maskawa (KM) model was discussed by theorists repeatedly/1-6/.
To the lowest, one~loop approximation in the wealr interaction
the quark edm in the KM model turns to zero trivially. The
point is that in this approximation only the moduli squared of
the elementa of the KM matrix enter the answer for the edm, so
this answer cannot contain CP-violating phase. luch less evi-
dent is the result of Def./4/ where the quark edm was showm
to vanish also to the two-loop approximation in the weak
interaction. Turthermore, there is an assertion/6/ that the
quark edm is equal to zero in the two=-loop approximation in
the weak interaction even ir the gluon correction is iaken
into account, to the order GEME. Here G is th' Fermi weak
interaction constant, o g is the quantum chromodynamics coupling
constant., .. nd finally, it is claimed in Ref./5/ that the induc-
ed §-term n the KN model arises, when the gluon corrections
are taken into account, in the order G MB only, however an
expl.!.nlt expression for the 9 =term was not obtained there.

In such & situation & suspicion arises that there is a
general, so to say, kinematic reason of the fact that the quark
edm and induced Q—t.erm in the Iﬂ, model turn to wzero, at leasti
in the approximations G ol and G m‘, G? E correspondingly. Just
this suspicion was the sLartlng pﬂlnt nf the present investi-
gation, But ils results described below turn out {to be quite
different from those expected. Closed non-zero expre551cns were
obtained for the quark edm and & -fterm in the order G X for
each one.

2. Consider at first the flavour structure of the correspon-
ding expressions. Here we leave aside for & while gluon correc=-
tions and the insertions of external fields, electromagnetic
one for edm and gluon one for & -term, Neither of them influen-
ces the flavour siructure.

Note first of all that the diagrams with two fermion lines,
of the kind 1 for the edm and 2 for the & -term, can be dropped
out immedietely, The reason is the same that forbids CP-viola-
tion to the lowest order in the weak interaction: each fermion
line contains elements qu, of the KM matrix in the combinatlion
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v Vi v only, so thet there is no CP-violating phase.
awVq'a = [Vqdl =t >
Consider now the flavour siructure for the d-quark edm.
Ve mean the diagrams 3a,b. For them this siructure can be pre=-

sented as
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For the K matrix the standard parametrization/7/ is used:
b L LR g oy e (1a)

the letters u,s,b,c etc, denote here the Green functions of the
corresponding quarks: U and D mean the sets of quarks with the
charges 2/3 and -1/3 correspondingly: U = (u,c,t), D= (4,s,b).
The analogous expression for the u-quark edm looks as follows:
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And at last, the fermion loop structure (see Fig.4) is
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J1is GP-v:Lofatlng part th&t detemines the g—tem equals
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In expression (3) each product of four quark propagators allows
naturally for cyclic permutations of the kind

udeca = desu = csud = sudce.

liote that already from these purely kinematic relations a
curious result follows: in the limit of the usual SU(3) symmet=-
1r3 when the propagators d and & coincide, the u-quark edm
and the induced & -term vanish to the second order in the weak

interaction and to every order in & . (see (2) and (3)).

3. Pags now to the direct computation of the quark edm, Ve
restrict to the local four-fermion limit for the weak interec-
tion, i.e. we take the V/=boson mass tending to infinity at the
fixed Fermi constant G. The high degree of cancellation among
the contributions of verious diagrams, evident from formulae
(1) = (3), guarantces the ultraviolet convergence of the result
even in this limit. :

In the diagrams 5a, "double drop", and 5b, "two drops",
arising from 3a,b after shrinking of the W-boson lines, it is
convenient to perform the Fierz transformation
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It ﬂllDwE us to congider below every "drop" at diagrams 5a,b

as a closed fermion loop. Here#J‘rare the colour S5U(3) matrices.
Formula (4) is written for snticommuting operators yig y there-
fore, arising fermion loops enter with the standard factor (-1),
it is essential below for the calculation of the induced &-
tern,

A simple "drop" (see diagram 5b and the lower block at
diagram 5a) turns evidently to zero. The insertion of a phntcn"
(the circle at Fig.6) into a simple "drop" still gives zero in
the 1imit of the constant external electiromagnetic field T,4.
Indeed, in diagram 6,arising in such a way, the axial current
in the weak vertex (it is denoted by & point) does not work,
Therefore, the polarization operator is left in fact that
corresponds to ELF%J: but in nec way to qu. Hence follows, by
the way, that the quark edm turns to zero to the approximation
G2 without gluon corrections,

As to the approximation GEq% discussed here, it is clear
thaet at diasgram 58 a gluon should be emitted from the lower
"drop'", and at diagram 5b both "drops" should be connected by
a gluon, it being denoted by a broken line., In the case of
disgram 5a it can be easily seen that the virtuel gluon should
terminate at the extermal fermion line, Indeed, otherwise the
"double drop" would be connected to this line in one point only.



Even if the external photon goes out of the "double drop'", one
cannot construct the necessary vector from the only character-
igtic of this "drop", the constant tensor Hﬁ!' 30 much the more
the diagram with one common point furnc to zero if the photon
is connected to the cxternal fermion line.

Having traced the fate of the viriual gluon, discuss now
vhat to do with the exiernal photon that is siill at our dispo=-
aal, Turn attention to the middle loop at Pig.5a. It follows
Trom expressions (1), (2) that two lines in {his loop corres-
pond to different fermions and thav the difference of two such
diagrams with transposed particles enters the answer aiwaya.
Une can check ecasily that this difference is equal to zero.
Hence the only way out is to connect the extermal photon to
this middle loop. L& & result we come to diagrams of the type
Te.. Surely, the photon should be connected te both lines of the
middle loop, and the virtual gluon can terminate both at the
initiel and final part of the external fermion line.

4 to the diagrams of the type 5b, it can be seen asgain
from Tormulae (1), (2) that the answer contains the difference
of Lwo suech diagrams with transposed "drops". One can see easi-
ly that this difference turns to zero if the extermal photon is
not conneclted to onec of the "drops". As & result only the dia-
grams of the type Tb are left here. Surely the photon should be
connccted to both parts of each "drop".

Passing to the calculations directly, we note that in each
of the fcrmion loops at diagrams Ta,b the colour currents in
the rhs of formula (4) are operative only. One can extract the
corresponding factor in the answer for the edm immediately and
have no care for the A -matrices anymore.

e present now some intermediate formulae necessary for
the final answer. The expression for the feymion loop B, the
shnplest block of dl&grams Ta,b, is well-known:
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In fact not only disgram Ta, but 7b as well, depend on the dif-
ference of two such blocks with different fermion mﬂﬁﬁes m,
the well-knovm "penguin"/8/, so that the Vi-boson maasﬁﬁrops out
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of the answer,

The next in complexity diagrem 9, which enters 7b only,
describes the interaction of the axial weak current (the vector
current in the weak wvertex dropc out evidenily; with electro-
magnetic and gluon currents. This diagran contoins well-knovm
axial anomaly, although in 2 somevhai unusuael kinematic region
where the momentum of one of whin vector vertices, the eleciro-
magnetic one, ies small, The lasi circumsiance can be ugsed effe-
ctively to sinplify the calculations. Expand the expression for
a fermion line with eleciromagnetic wvervex

/
g = %5 = j; ﬁk g ks — b’
where ey is the photon polarization veclor, in the photon

momentum k. The zeroth term of the expansion does not contri-
bute here due to the gauge invariance, and the first one by
meana of simple transformations is reduyced fo
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One can recogn:;c easily in this e:prusuiun the first term of

the expansion of the well-knovm fermion Green function in the
consiant external Iield f%g-
Arising in this way expression Tor the sum of the two
loops 9 is transformed to & i
L Erit ¢ H/ L (g- m}rx,,/g £+ b1 )+
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This result for diagrams 9,that cantaln the axial anomaly, is

defined in such a way that its transversality in y 1is guaran-
teed., In fact the answer Tor the sum of all the diegrams Tb
depends on the part of expression (7T) antisymmetric 1njar Vv
which after going to the euclidean region for k is reduced
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The naive calculation, without the definition that guar—
antees the transversality in ¥ , would lead to the answer for
Qﬁ;—Eﬂh that differs from (8) in one respect only., The invari-
ant function E' obtained in this way does nct coincide with
the true T by a term independent of the fermion mass: E's
E - 1/2. One can check easily that such a term in E does not
influence the final answer for the quark edm, Therefore, even
the naive calculation of diagrams 9 would lead to the correct
edm value.

And finelly, the most tedious block is the sum of diagrams
10. It is natural here to use again expression (6) for the fer-
mlon Green functlsn in external field, The integral
- Fp ) 2 T L o ({450 (f = 1) g 5 = e,

2 = n )2l x ) 15
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arising in this way can be divided into the terms that differ
by the structure of weak vertices, Two of them, Eﬁ&, and V}%ﬁ,
dlso contain the anomaly and need, generally speaking,the defi-
nition that guarantees in the limit m. =M, the transversality in
A 8and ¥ correspondingly. However, in the sum 3nﬁw+ ﬂ;%ﬂ.auch
additicnal terms cancel out, so the answer for this sum is redu-
ced to the naive one, lioreover, after the subtraction of the
enalogous expression with the transpﬂsed m, and m, (see formulae
(1), (2)) the discussed term V,A,+ drops Gut from the ans-
P W S
wer at all.
Thus, one has to consider in (9) the term that corresponds

to E"V - %ﬂﬁy. It does not vanish since m1#m2. The momentum of
the external quark at diagrams 7a,b is small as compared with

the typical k, so expression (9) can be averaged immediately
over the directions of the four-dimensional vector k. (By the
way, this procedure also turns to zero 5h£?+ ?;Jﬁ, even without
the antisymmetrization in M.y M, .) This averaging allows one to
gimplify greatly the expresaion for the block discussed. Subtra-
¢ting the expression with +the transposed m, and m,, and then
taking into account the analogous terms w1th Moy nj and m3, m,
{see (1), (2): 1,2,3 denote u,c,t or d,s, b), we arrive to the
Tollowing formula for the sum of diagrams 10:
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/e have passed Lere to +he‘eucf:deﬂn metric both for q and k.

According to ihe irue relation among the masses of u,c,t or
38,0, we shall teke m,« My &M The forthcoming integration
over k" will be performed with the logarithmic accuracy, so
taet the following approximate expression for (k5 m5, ns, mgj
is sufficient:

[ - ﬁf Ry
KE .ﬁf
e qf (11)
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The interaction of the fermion edm d with external field
ﬁf is deaciibed by the Hamiltonian

- Lgie G f o (12)

The contribution of the diagrams of the type Ta to ihe edm is
found wita formulae (5), (10) and (11) easily and with the logu-
rithmic accuracy eanstitut

o i G2 ;aa;&’1£%>/}21§3£§2 *‘;z.¢i: bty
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for d- and u-quarks dorrespondingly. The difference by a facior
of 2 between the numerical coefficients in (13), (14) reflects
the fact that the charge of the quarks in the middle block of
diagram T7e in the first case is twice as large as in the second
one. It should be stressed that m,,d in formulze (13), (14) is
without any doubt the current mass of the quark, and not the
constituent one, since it arises in the answer directly from the
propagator of the corresponding guark through which a large mo=
mentum flows. :

The contribution of the diagrams of the type Tb is found
easily also by means of formulae (5), (8) . With the logarithmic



accuracy it is cnrrespondingly
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Here the quark mass mﬂ,ﬂ?&%ls gnmewhat different way than in
(13), (14): after taking into account the equationa of motion
for the corresponding quark, But still it is a current mass,
but not a constituent one. A kind of an aesthetic argument in
favour of this assertion is a similar structure of the expres-
sions for aﬂ“} and a’(f and remarkable simplification arising

in the sum af""Ir a""w Adding up (13) and (15), (14) and (16),
we get

a{,.-/g lﬁl'hfgfffgf C?-% ﬁfééfﬁf;. (17)
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In fact the reliability of the obtazneﬂ expresalons for
d= &nd u-quarks is different. In the case of d-quark the ty-
pical momenta contributing to the effect are sufficiently large,

. oy g
ié mg (see (13), (1%5)), much larger than the momenta at

mgék
which the perturbation theory in :xg becomes inapplicable,
Therefore, the result for d-quark is sufficiently reliable, the
radiative corrections to it in “é are comparatively small. On
the other hand, the answer for u-quark is no more than an esti=-
mate; it is wvalid literally only in the completely theoretical
limit when m is much larger than the momenta at which the mag-
nitude of ofg becomes large.

In the conclusion of this section we note that although in
the theoretical limit of degenerate quark masses the quark edm
vanishes (see (1), (2)), but in the final enswers (17), (18)
obtained with the accﬁunt fnr the realistic relation between
.the masses EHH; d«n &m {mbdmt} the traces of such a cancellaw
tion are practlcally absent,

4, Ve pass now to the computation of the induced tg-tem, In
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the same local l1limit diagram 4 goes into the diagram presented
at Fig.11, it is natural to call it "cheburashka" (popular chil=
dren toy with round face and large round ears). A simple analy=-

8is, essentially repeating that carried out for the quark edm,
ghowz that the vi§§al gluon should be henged on the '"cheburash-
ka's" "ears", As for the externmal gluons (here they are also
denoted by circles), one of them should be connected with the
central loop, and another with one of the "ears". A typical
representative of the diagrams arising in this way is given at
Pig.12. These disgrams are divided into two claszses, in one of
them the central loop consists of u,c,t quarks and the "ears"
of d,8,b, in another - vice versa.

Unlike the case of the quark edm, here in the wesk vertex
the first term, without J -matrices, in the rhs of the Fierz
transformation (4) is essential, The F-coupling in the loops is
not operative in this case, And when calculating the contributi-
on of the D-coupling, the following relation for the SU(3) group
constants is useful:

a/adea/fcez:;_'gagj (19)

The calculation by means of formulae (5), (8), (10), (11)
iz of no difficulty and leads to the following result:

R %Mﬁ%@,% £4,2%) o
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As usually, the angle ﬁg is defined as the coefficient at
o5 q in the Lagrangian 1nduced E{ radiative corrections:

173 i
Gf,. is the gluon field strength, },...,. ‘é. ﬂug)& Gg) This result,

like the answer for the u-quark edm, is an estimate only since
it is obtained under the assumption that m, is much larger than
the momenta at which the magnitude of «_ becomes large.

5.Eut what iz the couse of the disagreement between our res-
ults and the previous ones? As to the quark edm, the assertion
that in the discussed approximation Gzn; it turns to zero, made
in Ref.,/6/, is valid only for the specific problem considered in
Ref/6/. In it the edm of the u=-quark only was analyzed in the
model where the electric charges of u,c,t quarks were equal to
unity and those of d,s,b were equal to zero, But from our ana-

11
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lysis (see formulae (1), (2) and diagrams 7a,b) it follows im-
mediately that the u-quark edm is proportional to the electric
charge of d-quark and vice versa. Therefore, in fact the consi-
deration carried out in Ref./6/ does not contradict our results.

Pass now to the induced #-term. It was expressed in Ref.
/5/ through the quark mass operator., Tt can be shown easily that
in the terms of the gluon polarization operator, used by us, it
would correspond to the diagrams where both external gluons are
connected to the same fermion line, In our approximation G%r
such diagrams indeed do not contribute to the induced t?-ten?h
It is quite natural that in Ref./5/ as well there is no such &
contribution in the order GE“Q'

Another point is surprising., It is claimed in Ref./5/ that
starting from the quark mass operator one can get the contribu-
tion to the € -term ~G% where of = 1/137. Indeed, such & cone
tribution exists, It is described by the diagrams of the same
type 12 with the virtusl photon substituted Tor the viﬁﬁal glu-
on. The answer differs from (20) by the substitution of the fac—
tor ;-c for the factor ;.M: . But this correction to & as
well cannot be expressed through the quark mass operator.

6. In the conclusion we shall discuss the real magnitude of
the effects considered. As to the 6’-term, the estimate according
to formula (20) gives

RN (21)

—~ 5 ,..2 A
For 3’:53:-!3-':}@6_,&; .5;{, we assume here and below the wvalue 5‘;_,
~5.10"7, for oy the value ~0.2., The number (21) is negligibly
small, by 9 - 10 orders of megnitude smaller than the upper
bound for & obtained in Ref./9/ from the experimental bound on
the neutron edm.

The querk edm calculated by formulae (17), (18) constitute

Wl vl V0 Do (22)
a/‘,/,e ~ /ﬁ_'ﬁ'czm, (23)

The small value of du as compared with dd ia caused mainlyi%he
smallness of mg in comparison with mi.
It is natural to think that the contribution of the d=-quark
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t0o the neutren edm coincides by an order of magnitude with (22):

zf,,/g v -/6"_3#::#?. (24)

and the corresponding contribution from the u-quark dipole mo-
ment can be neglected. The estimete (24) is much smaller than
the result for the neutron sdm obtained in Ref./10/ by means of
another mechenism in the KM model:

af’/g —~ (3—4/'/6?-325'##. (25)

(It should be mentioned that the estimate (25) is the only the-
oretical result for the neutron edm in the K model that has not
been disproved.) Such a gap between (25) and (24) means that the
calculation of the quark edm in the XM model is unfortunately of
the methodical interest only.

| But in fact by means of a small modification of the mecha-
nism discussed above one can get a contribution to the neutron
edm larger than (24), Note that the smallness of the found
value of the d-quark edm is ceaused by the small geometric factor
(1DE?;‘5)'1 inevitable in the three-loop approximation, as well
as by the smallness of the current masas m, of d-quark arising in
the answer since the structure J_;_d?;}, breaks the chirality. We
shall try to soften both suppression factors by passing from Ta
to the two=-loop diagram 13.

We need now the-upper loop in another, as compared to Ta,

kinematic region: k%dfmg. Here the wvalue of the invariant func-

tion Cf’ (see (10)) is:

¢J: _/2.. (26) |

After straightforward calculationa we get the following expres-
sion for the CP-odd interaction of two quarks with electromag-

netic field:

Gl i F fl 25Ty (1o g )2

O
27)
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In the nucleon expectation value of this interaction we shall
substitute, as a rough estimate, in formula (27) the vacuum expe-
ctation value '(q q)} for the product of two quark operators.
Then the CP-odd interaction of a neutron with electromegneiic
field is reduceﬁ to

é’c? a:: (ﬁ,‘?)@/ﬁ 3 Z (i /m,a//+
+f§r%(§§.6/:¢0 /f?)zﬁ’&;«-’

The estimate for this ccntribution to the neutron edm is

= P S :
Q£JA% s ‘?fiyﬁ;J <<}£ j)iﬁgrj&éz ~ 2 (0 em, (29)

Our hope for the effective 1lifting of the suppression ~my
in formula (17) for the d-quark edm has not been justified: at
the standard value for the quark condensate g E) = (D.EEGEH’)B
the ratio of the dimensional parameters in formuise (17), (29)
(gg')//,fw;’mﬂ, ie close to unity. The enhancement of (29) by
about an order of magnitude in comparison with the estimate (24)
iz due mainly to a larger geometric Tactor. Unfortunetely, even
the contribution (29) to the neutron edm is still by about an
order of magnitude smaller than the result (25) for this moment
obtained previously in Ref./10/.

(28)
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