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ABSTRACT

Different phases of the @CJ, (a ) ‘are discussed. In the
weak coupling regime (M » o= ,y"ﬁé = const, fﬁr ) the
chiral symmetry breaking takes place and (¥ ¥ = -A{ ?%& i
The another important value characterizing the vacuum of QCD,
is the gluonic condensate. It is shown that ("G-") = -JT{FP}‘
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1+ In this note we discuss the properties of QCD vacuum.
This information will be obtained from the well-known spectrum
of the theory. We hope that knowledge of vacuum condensates
<P, < 6% will be usetul for investigation of the vacuum
structures. This knowledge allows one to approbate different
approximate methods for studying of the real world.

The main purpose of this note is to get some information
about vacuum of QCD,(N,). First, let's discuss main results
connected with the spectrum of the theory. QCD, was considered
tirstly by T Hooft [1]. The corresponding Bethe-Salpeter equa-
tion was solved in the N, = »®1limit and approximately linear

spectrum of states was found:

2
mE~rimin - 7,° 2 69,—:‘14 (1)
Let's note that the mass of the lowest state tends to zero when

By (quark mass) = 0.

The results of ref, [1] are reproduced both the funetional
[2] end operator [3] methods. The lattice calculation is con-

sistent with the results of ref. [-*.'].
We emphasize that the '+ H00f%'s solution (1) takes place

for the following relations between paremeters of theory [-5,6}*:

N > S° ngﬂi = const, Mﬁ”f”é_' (2)
As 1t is seen from (2), the chiral limit (/'%-* @/ in this re-
gime can be reached only after taking the limit A4 - =°
Thus, the spectrum (1) corresponds to the wealk coupling regime
{2): ’?--‘-‘JC? « In the strong coupling regime ( mﬁ c’fd? ) the
spectrum is quite different [5-10]. Just in the limit 7,20
the Goldstone boson is absent, the massless baryons appear in-
gtead of it.

Let's try to understand these results gualitatively, ha-

*The unequality 7,£2 (2) can be obtained in snother way.Namely,
the nonp Fr=-contribution to the correlator furco/74Fri, Frref
is orderyand should be mush smaller than Planar one(~A; |
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ving in view the rigorous statement due to Coleman [1 1} s CON=
cerning the impossibility of the spontaneous breskdown of a
continuous symmetry in two dimension theories”. The answer is
that in regime (2) the Berezinski, Kosterlitz and Thouless ef-
fect [15] takes place, and chiral symmetry is "almost" sponta-
neously broken, Well-known analogous phenomen is observed in
the 3&!"(”1‘/‘* C"D/ Thirring model, where chiral symmetry is
spontaneously broken (SBCS) f‘!2,13_']. The spontaneous breaking
in QCD is consistent with the spectrum found in ref. [1] i.e.
the states with different P-parities are not degenerate in
masses, Below the value of the condensate will be obtained
expliecitly.

Let's discuss now what happens with the theory when N,
decreages, In this case the condensate and the Goldstone boson
must disappear according to the Coleman [11] theorem. Therefo-
re, we expect that the correlator < O/ 7’/ Z (¥, ¢ e ( ﬂJ

~ X %4-" , analogously to what is found in
ref, [13_]. RBesides, the mass of Goldstone boson have the addil-
tional factor A V:‘L{-’ H

mﬁﬂ.;:%* YA

and f’;; . ”'3:’ never vanishes for finite N, in regime (2). Thus,
all the results obtained in the weak coupling regime don't
contradict to Coleman theorem .

To understand qualitatively the spectrum of the low-lying
states, let's discuss 'T Hooft's anomaly condition [17]. The

statement is that either chiral symmetry must be broken, or

Discussion of this question by 'T Hooft and Coleman see in
ref. [14].

massless (for mq-sr 0) fermions must appear*. Evidently, it is
the first possibility which is realized in the regime (2). For
finite Hc the SBCS is not possible, and masslesas baryons must
exist. They were really discovered 1_—5,?.9.1{}].

The last point, which I would like to discuss is the fol-

lowing one. For large N, and small m_  the results depend essen-

q
tially on the order of limits [18]:

1. M2 ©°  2irgtly and 7% > O atter that
2.3’?}*0 and than AMe = O, i
The explanation is that these two cases correspond to diffe-~
rent phasesa. Really, in case 1 we always have o?-ﬁc')@ and this
unequality corresponds to the weak-coupling regime. In case 2
we always have 6;7})1? which curresponds to the strong coupling
regime,

Let's remind that in the Shwinger's model the results are
the same, either mq put equel zero from the beginning or in
final formulas f19]. This occurs because the phase transition
in the massive Shwinger model can arise only for large

g 2 I . Indeed, effective potential 7/57 of the
equivalent-boson theory is [-19}: :

Viv) _-f;'zgﬂ‘- <% eos (2175 (4)

1t is seen that the phase transition takes place only for suf-

ficiently large If? %a%?, and for small mq it is not pos-
sgible.

In the case of QCD, ( Ne = &2) the situation is quite
different. Since the coupling constant tends to zero 01?~ %E’ 5

The 'T Hooft's anomaly condition in QCD, is discussed in
more detail in ref. [9,10].



the regions of phase transition (ﬂyﬂfoﬂ?} and of chirel limit

(7% > @/ overlep. Thus, in the cases 1 and 2 above (see eq.
(3)) we approach the point ﬂ?f:::{,"i“ o© of the phase diag-
ram from different directions.

The following discussion deals with 'T Hooft's phase (2)
only, for which the SBCS takes place.

2, The very simple method for calculation of the condense~-
te density is the following one. Let's consider the correlator
(at -q%» &°): ;

 fite eV o/ TSEHlAO, Plevraffe> < g 79T 5y

The right hend side of eq. (5) can be calculated with the help
of operator expansion. It equals to (see fig. 1):

PE (6)
17(3%Y = '?;,;5)

The left hand side of eq. (5) is saturated by Goldstone boson
flet's call it # -meson):

ol = oA, <YFPLII> =8 N
<P¥s =FA8

First, let's calculate the value of A. Note that in the chiral
limit-mq-_a- 0, the %é‘i‘; F,ﬁ)“ - currentg are connected
with the massless pseudoscalar state only. This fact was obtai-
ned from the 'T Hooft's equation in ref. [20] . We can prove
this statement by the following simple method. Consider the ge-
nerel form of the matrix element:

o/ bt/n> = a;e,.xf.. - c'€7u§a i (8)

It follows from the relation ?H "'ﬁ 4y ot "’/‘:’ﬁ%f and from
(8) that A ~ 1 only for ¥ -meson. Besides using the identity
8 be rewritten as fol-
1:;,,& =')/Hé' the expression (B8) can T
L

(ﬂ/FJﬁ,"/ﬁ):_— by 25 +£'E%;/ulﬁ (9)

The conservation of vector current of massive (m q} quark fields

tells us that C, = O in any case, excluding probably the states
with mg = 0, But the masaless bound state can not exist in vec-

torlike theories with massive quarks [21]. Therefore, C, =0
always and quf;ﬁ' ?’qﬁr}” - currents are commected with # -
-meson only. Taking this fact into account, let's find the va-

lue of A from the duality relation. Consider with this purpose
the correlator (at -q2+ 2):

oS tve VT bty 7 drsofos - 99077 v /B

(10)

The result is saturated by the fig. 2 diagrams only. It equals
to /7,- = 5-"11{"/-" « Besldes, the absorptive part of (10) is de-
termined by #» -meson contribution only, i.e. by the value of

A. Therefore i = ? - in agreement with the direct calcula-
tion [20]:

; -4 :
zf"-f;‘ié&/f;'-ﬁ‘/ﬂff=/,4‘ (11)

Here ;g./r/ is the wave function of the massless state [T,Efiﬂ:
g@/:z}ﬁf A<t %ﬁ/w/fﬁ!—q’/{ ¥=28 k>d

?%’f;’? =/__;%;r (12)

Let's calculate now the velue of R.

' 4
2 : 2
‘6=-g%;7f 4 ',?%/}-”‘éﬂﬁf—ﬁ/ﬂf’ -

o 1 @y
g "g@/rﬁ‘f_‘jﬁ;ﬁ//;/ﬁ/

Here the first equality is the consequence of the equations of
motion; the second one is the consequence of eg. (11). The last
equality in eq. (13) is due to the 'T Hooft' equation:

5 Sl by dle = 75t el re)) " [1,20]. The value of p
from eq. (12) and of B from eq. (13) are equal to:

— e



ﬁ‘ff‘aﬁ ¢ &= ’?//_7/"/; /—7 (14)

for sufficiently emall m .

T would like to make two remarks concerning the eq. (14).
Firstly, if we put m_ = O from the beginning, then we obtain

CE¥Y>In B --ﬂ} -0 . This result corresponda to the ;_

strong coupling regime (m qﬂ:'i g)+ Secondly, thi_a absolute wvalue {
of B is saturated mainly by infrared region of integration, ;e
f.6. X~ 0, X ~1, ag it is seen from eq. (14). Remind that X 4

has the meaning of fraction of momentum carried by quark in me-
son. Thus, the regions x ~ 0, x ~ 1 correspond to the case when
the whole meson momentum is carried by only one of the quarks,
while another one is "wee". From eq. (7),(11),(14) we have:

A .
3 oy =~—,§'{"=;“—: s, e ;’-Vé (15)

We see that < ¥¥> ~AL , as it was expected.

3, Let's check selfconsistency of the reault (15). We will
show that the spectrum found in the ref. (1] (mE~Timin)
provides the nonzero value of condensate (15). The idea is the
following one. On the one hand we kmow exactly the spectrum
and different matrix elements. Consequently, we know the spec-
tral density of any correlator. On the other hand, we can cal-
culate thias correlator at -qE—: ~° using operator expansion.
The dispersion relation connects these iwo quantities. This
idea was used early for the calculation of <#F¢) (see eq. (5)).
But in eq. (5) the spectral density is contributed by 7 -me-
son only. In what follows the whole spectrum will be essential.

Let's denote by |n> the "n"-th 'T Hooft's state with
the mass 177" e w322 & , The corresponding matrix element 1s
defined as follows:

cofFrn> =12 A “

Here the values rn can be expreased via integrals of the wave
functions of the states |n) [20] and, in principle, they can
be calculated. However, we do not need an explicit form for

8

these quantities. Let's calculate the following matrix element:
- € & ’
o/ C9 i do A F/n> = fu @n “n

Here @ is expressed via f as follows:

2
20" <P¥s /a7 (18)
n = -"??;E 7 ]i:

To derive the retio (18) one needs to use both the equation of
motion ~Da & f-‘ = - &% #¢9A°¥ and the factorization property
for large H .

Let's consider the following correlator at t? - o0 |,

e ? ol TS g Gerls I ) P o> = gp (42

(19)

On the one hand the []° ¢q%» o2 ) is given by disgrem at
fig. 3 end it is equal to:

. 4:* EA{ j 2 )

o2 e - Ern &

/7 /@?-; -::-ﬂ/—- J; Oy ?a (20)
On the other hand the Hexp. can be expressed through the spec-
tral density. Using the relations (16), (17), (18) we get:

' 2 & #7[/_7 —_ _.{L—--
ﬁfﬁ@’/’Z’?i cf Zervs ;i—ész-/@f;ﬂ/{m)

The sum from (21) can be easily calculated with the logarithmic
accuracy. Taking into account that mn A 1, i‘.g A ] fED], we ha-

Ye:
ﬂl
F A Ve, _;;% ok 4773 (22)
Z""%&fff“‘?’aﬂ/ R W "/

Here the coefficient /{ has sppeared because only one half of
states with even P-parity contributes to the correlator (19).

Substituting the eq. (22) to eq. (21) we obtain /7 (@5 Jwhich
exactly coinsides with /70 rrom (20). From the derivation of
this relation the nontrivial character of this result is seen,
especially because the matrix elements (17) are proportional to

9



condensate <¥¥D>,

Let's check the ratio (15) in another way. To do .this con=-
sider the following matrix elements:

<o,/ =4, ';-“jféf’ g/, (23)
3 =3 -2

Here 9» are the seme as in (18). The eq. (23) is derived from

the equation of motion Bu (% e dy) = PECuL ¥
Then eq. (23) reduces to eq. (17).

Now, consider the correlator:
r 4?"’ P - -
(e T < TYEL LS, 5Ll 17

ét 6?! = d"yj separating the following kinematical structure:
#§»f:fe . The leading contribution (at @‘aic‘-‘-' ) 1s gi-
ven by the diagram of fig. 2 end is equal to /7 "'/ﬁ’aﬂ" o2/ =
-‘# &z; + On the other hand, the value /7"5"'(’¢?f/ can be
calculated with the help of dispersion relation because we
Jnow all the matrix elements (23). Therefore, V. i /{?'*‘ b"/ =
= "/p‘Z" 35?/& . Here ap ~ < ¥¥> , see eq. (18). So,

nonzero value of f?th‘ (QEJ implies that < ¥ ¥> is also non~
Zero.

In conclusion we would like to note the gluonic condensate
< 6> can ve calculated in analogous way .

——

QL ~a - F A (25)
CGu» Gy > =865 =-27cPrs®=- Tm*s
Horeover, the exact low-energy theorems show that the values
CFED, ¢6%> are monzero and equal to values (15),(25) corres-
Dpondingly. These results ensure that any other states not coin-

# The question, chnco;-ning the normalization point of operator

&? is not essential because the -anz is the superrenormali-
zable theory.

10

ciding with the vhose found in ref. [1] or absent in regime
(2), or, their matrix elements are suppressed by factor of
/¥,

. In summary, we have shown that the vacuum in ana has
nontrivial structure in regime (2). But we don't lkmow what
kind of fluctuations saturates <F¥> < € 5"'9. It is so beca-
use we don't see how to comstruct the tnpplngimll;r nontrivial
field configuration and colorless topological charge (the va-
lue fﬂ'zx;‘:fyﬂ f“.'; - 13 the color object).

We know how does the vacuum expectation values vary _:rhan
the parameters do (for example, the absolute value of <ED de-
creases when the gquark masses increase). But we don't know
what is the value of < 5")111 strong coupling regime at finite
N_ (the condensate <¥¥? in this case must vanish, esccording

c 1
to the theorem by Coleman [11] ).

11
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