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ABSTRACT

General form of the nonlinear evolution equations in the-
two-dimensional space integrable by the generalized two-dimen-
sional Zakherov-Shebat-Gelfand-Dikij spectral problem is fo-
und. The spplicability of AKNS method to this problem is de=-

monatrated.




I. Introdur;tion

The inverse scattering transform (IST) method is a power-
ful tool for the investigation of nonlinear evolution equati-
ons (see esg. [1-3] Yo A number of nonlinear evolution equati-
ong have been integrated by this method.

One of the most important problems of IST method is the
problem of effective description of nonlineer equations to
which this method is applicable, There exist different approa-
ches to this problem. A very convenient and simple method of
description of the nonlinear equation integrable by second or-
der matrix spectral problem was proposed by Ablowitz, Kaup,
Newell and Segur in [4] . The method suggested in [4] (AKNS-
-method ) has been generalized to different specfiral problems
(see e.g. [5—18]].

In the present paper we consider general two-dimensional
scaler spectral problem of the form

B2+, s (e g% .+ gDk Holoppt)+ Pleg B P01

where 312:}/3.1') ayﬁfa/af and %(‘-”-’:ﬁ- fl), =13 Hv'—z @ﬁﬁ):

P#(I’f’ £)  are scelar functions such that

Vk(.:r,y,f)',;__f:'w*wﬂ (£=0,1,...,N-2)

and
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fastly enough. Problem (1.1) is a generalization of the well
inown two dimensional Zakharov-Shabat-Gelfand-Dikij spectiral
problem for which P‘?x,%f):z.f. Problem (1.1) is also a two-di-
mensional generalization for arbitrary /V of the problem

(/a‘; + %(x,t)} ;&‘—f’/ﬂgf)‘)zﬁ which was discussed in E}]
For fl"raj the problem (1.1) has been analyzed in flé, 18] .

Here we extend the AKNS method to the problem (1.1) and
find the general form of nonlinear evolution equations integ-
rable by (1.1). These equations are of the form
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(K=0,4,..-, N = .f) and L: 5 zf:n}, ﬂrgm > Meen) are certain

matrix operators and @i, (Z) are arbitrary functions on Eav

The system (1.2) if the gystem of N-1 equations for N
functions ( Vo, Vi, ..., Via, _P”r ). Therefore, these system
admits certain reductions. For ¥/ = 2 the system (1.2) is the
one equation for Vo and P « This equation admits the reducti-
on to one function. In particular, at V=0 we have the two-
~dimensional generalization of Harry Dym's family of equations
[3]. For N =3 the eystem (1.2) for Vo, V2, P admit (at

&y 7# 0 and other &, = 0) the redustion L= Vi =0. A8 &
result we obtain the equation for one field P{z:,y, £) « This
equation of the fifth order does not contained in the Harry
Dym's family and is a new one, In the one-dimensional limit
OP/dy= 0 this equation is of the form #% = ¢72¢, . or

?ﬁ R T?a_ (f_‘%)xxxxx .

The paper is orgenized as follows. In section 2 we consi-
der the direct problem for (1.1) asnd obtain some important re-
lations. In section 3 we calculate recursion operators. The
general form of the integrable equations is found in section
4. In the calculation of the gections 3 and 4 we use the bilo-
cal approach proposed in [18] . The examples of equations for

N =2 and 3 are considered in sections 5 and 6.

IT. Some important relations

Firstly we represent the problem (1.1) in the matrix form

I IF

ox +AP!?&-”-¥’?:)3£ 7‘/5/2‘,#,.=E)F{=§ 2.1

where

D Piia0 0,=4;0,...0 0
7T PR T B S TS T o)
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The adjoint problem is

_‘}_"i a(Pﬁf’xf,f)f! ¥, "’P t B
C}‘I o ay : A F ér:yr ) 0 i

(2.3)

.
Intrody}e in the standard way matrices-solutions /C:; /-‘I}f.r f’)
and £, (%:4»%) of the problems (2.2) and (2.3) given by their
aaymptotic behaviour

A ___f_ #‘.‘ .
Filopt) zmm @RYZ AT D)easf-Ny+Az),
E: (2: 4)

P2 test) sz @) FNE eap)y-T2) D)
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=] o Gy ot B VF("? 20

' .ﬂ:,;{'-if,.'!’..uﬂ_ ;

Quantities A2°?  are the eigenvelues of the matrix A =

= A\YA + P, where Pg=‘-ﬁ:ﬂ _P’E, s L) and A= Dﬁ)ifﬂ"//l) .

Scattering matrices for problems (2.1), (2.3) are introdu-
ced as follows [‘15. 16]

/L:;/;r,ﬁ t)= jdﬁwé_{'x,ﬁ@jﬂ& Z).
X AR e (2.5)
Fitmpt) = [dT SONOF s(yt) -




Using (2.4) and (2.5) one can prove that

;Ia’é(f;_/x,y,t)fcf/.r,%ﬁ}=J’//]'..A)’

(2.6)
_?od;;t'g(f/u t)fﬁ’;)l t) = &r-A).

Let us consider Jow two sets of potentlals P, f’ and
Pre i _P . Let F* /"— ._S' and f-_’“ »’rﬂ S ‘are corresponding
soluticns and scattering matrices for (2.1) and (2,3). Analogo-
usly to [16, 18] one can obtain the following important re-
lation

Sna0)=8(TAY) = Japs (F,p2) | dxdy Fiifap8)-

{2t

.[A/f""/r,;.i}-F”{r%fy% i Plxy ) - Plx Jj}j"’?x,g,t) ]

s Tc.- prove (2.7) we use (2.4), (2.6) and the relation
ia"ya (-..)= O which is valid if the potentials /2 , P
JO _1' g P""r—j decrease at the infinity fast enough.

Using (2.6), from (2.7) we obtain

f&’,«S/A, '2) d‘%u”)

(2.8)

‘,I“’“’fﬁ/-ﬂ ,#/A oplayt ’ﬂd —Z—@' - jF /ﬁ:)

Further taking into account (2.1), (2.3)-(2.6) one can show
that the fcllc}wing identity holds

j dy F 3 ) V0 F ot
= T SO0 0[S 0 08 Yo, 1) = Vipst) S A 2) ] =

X=+oo

(2.9)

- - [y 2 Gyt T4,0), ¢"-2)Ad, +PT £ @)

+00 v N
- ooty sl A2E Y + 3 - (Ve Ao, PF o).

where P =P +P. and V{’A, t) is an arbitrary diagonal

matrix and Y /A %) = D) YIM)D()) . since DA)AD A=A
then can be arbitrary matrix which commutes with o Sin=-
ce all eigenvalues of A=)4+PR, are different then arbitrary

Y/A,t) can be wepresented in the form YA, 2) = j: Q;.ﬁ”’f)ﬂé

where Qﬁ (A% %) are arbitrary scalar functions.”
Combining (2.8) and (2.9) we get

;F auS(Tpt)] %Mf - (Vi S t) =Sy h ) ¥in, )=

(2.10)

Let us congider now the linear evclution law of the scat-
tering matrix

jf{ﬁﬁﬂﬂﬂ = ‘}?ﬂf)ﬁ%bﬁ)_ﬁ@gﬂ%,f) (2.11)

i
If the scattering matrix S  envolves according to equa-

tion (2.11) then by virtue of (2.10) the potentials 2 Pn’
satisfy the following fundamental relation

oottt 2 oy 22~ [Teg DRy P a0, 2212

The relation (2.12) is the starting point for the construction
of the integrable equations connected with the problem (1.1).

For further transformation of the relation (9.'12} it i=s
convenient to introduce the bilocal product

Do i) 2 f‘},/z-ﬂ.z‘jf*@,ﬁf/ (2.13)
] 4 ﬂ' Enm2,..., M) .

" The gquantity Q;; /:l",/,y.-i) transforms under the adjoint
representation of the group which is determined by (1.1) rﬂ‘]
The use of the bilocal guantity @(r;?r,% ) eggentially simp-
lifies all calculations in comgar:.scn vith the calculations

?/fﬁ' L= QH (%5 ﬁ’“’yé?-f

which use the local quantity

{fcrf’fa*“l see [18]}.




As it follows from (2.1) and (2.3) the bilocel quantity
'ff":' - :
P (ﬁ',f}f; t) satisfies the equation

08 i) 1 g0t gt) oL

;;_z 3 7 (2.14)
, KEtt) P P g | P ) (e igit)-P gt Pbgi)=0
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Use of P /z;ﬁﬁy given by (2.13) and introductlon of
the additional integration over ;‘?’ , allow us to rewrite (2.12)

in the form

il R CJ /r :f C}JDI.- o Lhy Sremy L
-Jyﬁragnﬁysﬂgf}7zﬁy?fa£;iﬂr 7 )éfwkzrzﬁ;éiﬁﬁgb (x5 G4t)

- V) Pla i) 9 (s gipt) » Pt S ) D 47,12 -
(2.15)

- V) tapt12)Ady B o i)t -DATEp 00y Bl

where Z:r" denotes a ususl matrix trace over the low indices. To

change 7/"53'9""/ on ?'/t':}) we use the equality
LT 20 i) =S t)= 0.

We will congider here only the functions _Qf/:i“:z‘.'/) entire
on /\M. 30

~ N-7
Y(~dy,2) = %Q(-{,,,t){-,q%,,ﬁ kit

(2.16)
N-f oo
= Z 2 Al )Y RS
Substituting (2.16) into (2.15), we finally have
i o d :*/f"; 42/ EmBt) trin, .
.:.[”""’WM/’?’?/’(’//A#?? Fr LR

N-1 co

2 2 Demlt)] J’ %:; (% 7i 4 )R Pla,it) -

../_,aﬂ*"(,qur/ﬂ%?ﬂ A;%ﬁﬁ#%ﬁﬁ"ﬁfﬁk%;@j@ﬁﬁﬂ% ,Z‘.yf*

(2:17)

HPlag-09 Yy By, Gt BB (g 907 D) B

* where .dé denotes the projection of matrix @ onto k-th co-

lumn: ( %j-)ﬂ!#':r Ik Qﬁk .

III. Recursion operators

For further transformation of the equality (2.17) it is
necegsary to figﬂ the relations between the quantities
é; ﬁ(&;ﬁﬁt«’p/ﬁ-f and (aj; ﬁ(’-ﬁﬁﬁfy/ﬁ'ﬁy with diffe-
rent Z , i.e. to calculate ithe recursion operators. We will
ca&gul&te these operators using bilocal tensor product
ﬁ?/55;5 :f}. We will proceed to the limit 37==jf at the very
end of the calculations. Our calculations are the generaliza-
tion of the calculations oif the recursion operators given in
[18].
Starting equation for the calculation ¢f the recursion
cperators is equation (2.14). Let us rewrite this equaiion is
the form

(A, e 3 )y Bl 7)) = -0, Ol Fypt) ~ (e iy #y Yoty

ok +9 o e
< Bl gipt)N -Plegit) Pagipt) + Plagip)Plagt)=0. (313

Theri we apply the projection operation A‘,{. to equation (3.1).
Taking into account (2.2) we obtain

At 352)dy By - by, 0 i)y B A=~0p By - (plejiths Y pllast)-

oy B, A= Pl )Py B Plor Sy = (1-8e) By (P =0
(hmdg,. .., N) =
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P
Solving the recurrent relations (3.2) with respect to ﬂ* we
get

e g N-fo—irz BF m, ™\ M=K

By 2 AP B, Vi )JAT+Pz) (3.3)
where (@‘k{-);e ﬁﬂk[/m and

P — Pl 7:t)-Ap'EFt) oy (3.4)

Substitution of Qﬂ.t given by (3.3) into equation {3.2) for
k = 1 gives the following relation which contains only @1 W

zﬂ@ﬁ@;g%) = _P?z'?;t)é?‘gy f(fﬁf:ﬂdf* yf*/’g;ﬁf))% (3.5)

o=0
where Vp-s=0, hy=2 .

In virtue of {2.2) we have

PP 5 PhpNe g ) PeYm Prdy 026

#ﬁi}-f‘f

where

Ao/ def 4 42
PE - Q-Pfit) /e ﬁ,iAﬁ’gﬁy? Bl el
Let us introduce N-component columns

VE W V)T 02 (. B . t). 38

éubstituting (3.6) into {3.5) end using (3.8), one gets

G I X giy?) =T X fryrt) (3.9)
where
4 ﬁi é!:: i ~plapvl, ‘ii éﬁ”ﬁéﬁﬁﬂ"f%ﬁﬁ?’y@?%ﬁ}@ i

It follows from (3.10) that the operator ? is 8 lower-
-triangular one: ?s.& =0 for K2i (i k= !,...,Af":) .
Tt follows also from (3.10) that the relation (3.9) allows us
to express f}*ﬁ/ﬂ?}f,f} through X/z. 7, 4,%) . To do this
we must take into account the degeneracy of the operator ?’4 .
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In virtue of this circumstance the first equation (3.9) is the
constraint, i.e. the relation between the quantities

Xe@Fgt) -

Using (3.10) and formulas
k& & Krg-&
@t}ﬂ'l: T (-de) s €=1,..., k+1
@'A‘)f!:g, ﬁoﬂaé‘!‘z,...jy;/;é.-:_f,_”)ﬂf__f); (3.11)

e = )T N ) tas i N,

>

we obtain this constraint in the form,

v
2 b Mg yt)= 0 (3.12)
K=d

where the operators ff{- act as follows

%= 4;-’(?%—’%@%”‘ ;F’f{z; *‘29)_}4-:/2} ?"f/f%‘-f(‘%ﬁ‘v_u,w}

Ak r s

L k-7 ~
= Gl () Youres (o).
Regolve the constraint (3.12) with respect to Z;,, we obtain
XE@55t) =M X, (2,7 4%) (3.14)

where X, ;e/(/t;’""’(*"*f: o)
. M££= cﬁ.{"’ﬁﬂ;yﬁ’;ffk '(‘:;"{'=.f,--., f’/) (3_15)

=@=
and €&, =MNd., f§!=}{ f « Prom (3.15) for the quan=-
tity c?ff"? we have o :
” o P
%—M -5 Q’a-.w%i' (3.16)

where

@"ffﬂ)ﬁ‘& = MuOnp ~diw N 7/ 7~dre) Ges Ll f;:_, e

(A (f_‘};#) Cf Vf—.t(#—,p;]

(3.17)
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In gEnEI‘El casge ﬁ'}feﬁﬂ- .‘D [k=0’t-l|ﬂ-1' n=0,1,2,--.)
equations (4.5) at 33’}/5f= o, 3f/c%{t='£3'_ convert into nontri-
vial onedimensional equations, integrable by the problem (4.6)

There exigt a subclass of equations (4.5) which have a
special behaviour in the one-dimensional limit. This class of
equations corresponds to &}, # O and all the rest Wi = 0.
These equations are of the form

) o
ﬁfy z"faf @ ‘Z @.ﬁ/ﬁ}q_”[/ m&w‘w"xﬁ{?’ 2) %, j=*c?(4 7)

Indeed, in ﬁrtue of 6’.@ = 0, .?};; = 1 and p..v'

wm =CV(1-4o) > = CELIGT Y
( ) ”);-ara .«?ﬁ (4.8)

* #
.J%x; ."‘-Af;q,n'} o /—j)%-&')gé-;- é C#"Z: C?";:f, ~) %’g-’} -

= 0, we have

d Ve *
Therefore for F-~ =, gf.= 7 the expression in the bra-

cket in (4.7) is equal to  zero.

Evolution law of the scattering matrix which corresponds
to equations (4.7) is of the form

& St Xk .
4 7 - _Z =KQ.=/”?“_Q¢09)S{{‘GJ,Z§)

In the one dimensional 1limit QVﬁyﬂa a%j—aaquatiana
(4.7) are

J V A af’#
PET T S
Since in the onedimensional limit j[,ﬂ,zl,f)=‘ ,f#-A)AS'/ ’f)

then evolution law of the scattering matrix for equations (4.9)

is a trivial one: gm .

U= O . (4.9)

z
In the special case fv‘-.’f equations (4.7) are
o9
‘LK —Z @a:ﬂ.)%?:; V== 0 (4.10)
J f' Frrd
16

faplie—

which in the onedimensional limit 5;=E?are reduced to the tri-
vial equations ggs a .

So equations (4.10) are purely two-dimensional ones.

An example of equation (4.7) with &,, # 0, &}, # 0 and
all the rest &}, = 0 is

ZI(}“Z‘ (’Ff'.f)ﬂ@ —%;/—%V*:*Z:df(_f?”-f)a}# =

= &ps @21'/’1‘221%; V "'z_:' ;(f”".f) aﬁy ‘EZ;JI(P{JJZ‘?@ =0,

(4.11)

V. An example: N = 2

The system t':-f equations (4.5) for N =2 is of the form

S(%) -1 2 (B) - i 43 5 )] -

(5.1)
" 2, R () =i (557 i (5.)] = -

Second equation in (5.1) is an identity O = 0. Therefore sys-
tem (5.1) is the one equation for two functions V, and P
Equations (5.1) is a two-dimensional generalization of the
equations integrable by the omedimensional problem

RV +Wm) ¥ =Npimp v [3] .

Here we present the qua.ntitiea which we need for the cal-
culations of the operators Z,, 2(“,, .ﬂ,:fb.,, _,#?1— #) « In virtue
of (3.7) and (3.10) we get

9=’(I0 | i) (5.2)
-0 f’%:ﬁ@'?’/%ﬂ-‘-‘}&, TR
3;“1"?‘!-}":’5/6?'3!?"’/; b2) +V, [z 4t), -

T
2 2 (5.3)
GYelEdst) Voo i)z , O = P =300y = Pl ) ey
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For uperatur Q' such that ?‘ & = =(a "Z we have

ekl s
Y. g O FETE and &, = 4, = G =o.
Operator ?!‘ is of the form

o '
g 7 -2 7 (5.4)
2pigie) " pregy 9/ -

The operators

4/}_¥ (;é=_z;..?) y due to (3.13), are

b =-32+) 00, =20z, &=L L [ (5:5)
The operator h;/ia (see (3.15)) i
77 :
a) (5.6)
5 -
3%(%-9p) o

Tl’? from (3.17) and (3.20) follows that Oﬁaw:‘M s

> @ﬂr:ﬁﬁ; » Formula (3.23) gives 4=@’.§?qu; C?,fa,a;/i‘=f =
= + Substituting the expressions (5.%4), (5.3),
(5.6) for ? _;T M into this formula we obtain L, . For adjo-
int operator _f y We,.as a result, have

-9 Vo ? t}f—-(JJo 2785 0%) L)L,
1 Yot )"’ S ndi « 0
0 0

Formulas (4.1) also give

Go=0, Zoy=1, Gmu{ﬁ’f o )
2 -~ g
~prazY), 0

oy s )
_%’(&"'}2#}:‘3’

Using the expressions (5.2)-(5.8) and recurrent relations (3.25)
one can calculate by fanmlas (4.3), (4.4) all the operators

o7 N JL{/M, and N/, (44) and therefore one can calculate expl:.—-
citly any concrete equation of the form (5.1).

(5.8)
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Here we present some examples of equations (5.1).
Equation (4.11) is of the form
2 Va)_gfa P) - (i@]

st(o) 55 AL T
%2/(@) +z¢,(*¢r) z+(r’p}) _2]? /{P))]_

At Jﬂﬂ:f equation (5.9) reduce to the equation

_j"? * Gacy Vo + Uua [£ 00, 1, #

2V, ', #(2:¥)0-79, Vy +-ta-fa*fa-w]=

(5.10)

-

Equation (5.10) is the ‘example of purely two-dimensional equa-

tion. Consider now another reduction of eque:tion (5. 9}, namely
V, =0 . From (3.25) we have: 2 :@.a,a; £+ Q(_u,;

where 19(;: qs,q,.s-"w & é-f_! + 0(, o) Ty g}' /f" and
Dty = 0(,,#.7@,; @/ﬁ"f . For [ =0 operator D oy™=0

and for &, one obtains

_[‘}#V,.Vc} +a_r!?2¥ +(P‘) o, -f-f-ﬁf -,f-f.ﬂd —@!f).) 0

f.
97 = i e Wi e (5.11)
43 ﬂ? +p d} @’3}").2)0 o- P ;
g 0
£ $or? _
Using (5.11) and the relation Z:; /p;:g =Z: ‘9{4:}/14-9 we ob-
‘ tain from equation (5.9) at Vo= 0 the following pure two-

-dimensional equation

20 4y () # a{ () L Sy * B *
s £ 29y ) (82 + g~ 5 07 B =0

The equations (5.1) for &y = 0, Wy # 0 and P = 1
have been considered in details in /16,18/. We will not desc-
ribe they here. We only note that these equations contain
Kadomtsev-Petviashvili (KP) equation and higher KP equations.

(5.12)
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Let us consider now the equations (5.1) with &},= O and
@y # O Under the reduction [, =¢ they are of the form

4:;; (P J Z&":ﬁfﬂf"&:’f‘}/]g ) t’fﬂi( )] & (5.13)

R=g

All the operators in (5.13) are calculated at V, = O.
Using (3.17) and (3.20) one can show that at l,= 0.

7 * # + >t
ﬂ@*"),z‘;ﬁt‘;;l; Jﬁcf.gu;mzi (T (5.14)

In virtue of (5.14) equation (5.13) is egquivalent to the follo-
wing one

£(3) - E Tl 7) T ()10, 5

Equetiong (5.15) are the two-dimensionel generalization of the
Harry Dym's family of equations [3].
Consider the example of equation (5.15) for which &, # 0,
Wt O and &, = 0 (n =2 3,...). Using the expressmns for
the c‘;[ierators .rd:fg,q; and ../V(gw we find fg,ay/f )"‘ (”J(Pi _;) =

+ Analogously, from (4.4), using (3.20), (3.25),
{3 29) one can get

P LAY A e ACAalEl iy

Substituting the obtained expresgions into (5.15) we obtain the
following equation

i o A, 8 b S 6 | (5.16)
For wvariable }"ﬁ""—g" equation (5.16) i1s of the form
- &, 3 -4
le =ola # GE(r s+ 2(r*(F))) . (5.17)

Then if one introduce the variable fﬂ v equation (5.17) is
rewritten as

2is

Y =dholy + 5L C2(7E),, + 67Yr 0 L)) o Eae

In the onedimensional limit ?J" = 0 equation (5.18) (for
&y = 0, Gyy =4) is the well knovm Harry Dym equation [3]

Z =“‘2(7-f:)xxx » So equation (5.,18) is the two-dimensional
integrable generalization of Harry Dym equation.

VI. Zxamples: N = 3

The sy3tem of equations (4.5) for N = 3 has a form

"’%(E:) E;Ji!f’) zw,.#/%w/ U * @,,)/ }]
/&‘)[2;@,.;(&) 'J“ffr,n;/f {w( -f).]" (6.1)

=i %/Z‘}[ | ¥ /V jﬁx;/ f ) A / £ f)] =

A=l

al-rﬂ

System (6.1) is the system of two equatione for three functi-
ons V, , V; and P

The basic quantities which serve for calculation of the
recursion operators are of the following form.

Operator g is

v

0 0
)= |20, 0%,5.t)-0%2 750
¢ pUng-¢ g0 0 0 o o
0 O¥ejit)# e Pl PV 005, 2001000 018, O

Operator ?’/?;ﬂé, is of the form
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0 0 2

i e -1 ¥ - o 32— "{L :
?7=—dp fz’gf jo('?'J"j'v"f}f’jd PLRGEL, 0 J(6:3)

-_r 2’
0 _jf# 0
The operators ggéf;.;- are
o =90 tde #dely, &§'=-3d4", 2, =30, . (6.4)
Using (3.15) for operator M?‘ﬂne finds
7.0 6 —Eﬁ‘-(djw_;&_,ﬁ)ﬂ“‘g)a:’
f
M - G i : _a:r {6-5)
@) 0 0

The operator = .?-fq,p; has the following matrix ele-
ments

Fy==02 - V(7)) # Vo ly) =2 V) U0 =% Pl s
Z, =307 M(y)*b’/yj, Frs = =30

Toy = 20x V/;my’gwx , Fos =302 = U 2)* Ul
P2

e ~Vel7) * Valy) 20 Y30 + 143000 )-8 =0 899)
(6.6)

Vot =0 V102 =02 Vil) + U Vi) — Vil iy,

32 = =y(§)0F =0 V)0 = 05 Vo) +2V4/3)0 # O Vo T WDN 1Y),

Sz == #2U(7)% #0=Uf3)-0, Wil -Kf) i) -p15797 ~y P74,
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=L 7= 0, -2, 2 |, Tp=|-Vty) , 02 rufy)-Vii) 22

Using (6.5 and (6.6) one can show that nonzero elements of the

operator ﬁfﬁéﬂgare;
(M777), =900y =0z — Vydz —2V60x — 0 Vi,
(7)== 420%, - Ve g9, -5 §°
JO {ifﬁféjg_f: _xjf"ja !‘}/3_:: _%01:2 #ézi’:dr_ﬁiz%{éi” )
Wﬁ?jz.E:f ;"_‘26};"&1% -‘MG}I;

M7 7)== 0xp*dy =32 =202 Vs =140 =05 {0 Vo0 — 1 &

A+
The operator L: is

A

F e MTTTET (6.83)
L, =/ '?u g/ :
and it can be calculated explicitly with the use of (6.3),(6.7),

In virtue of (4.1) the opersiors C;,/,ef; and ?}.&) are of
the form :

AN T ad el o) 7
6= 6w=[ 0 0 0|, 6m=|-pYz) 0 0 | (6.9)

_fz@.iﬂ? o F?ﬁ;‘]x,na_rj:?ﬁ')} =PI O

i 2 -
de; £, 0 &*Wly), -20. W

6410)

~K (5, - W) -2 (5)26% 2 -W*WJ @w




Using (6.2), (6.6), (6.9) and (6.10) and recurrent rela-
tions (3.25) one can calculate all the recursion operators Z

Qf(%‘” ’ vﬂ@ﬂ ’ JV:’&&’ and therefore one can obtain the expli-
cit form of equations (6 5 1

The reduction problem for equation (6.1) is much more
complicated problem in comparison with equation (5.1).

Here we present one example of the deep reduction W =
= l/; = 0. As we will see this reduction is possible for fb}f;-!
# 0 and all other &), = O.

Using {4.3), (4.4), (3.25), (3.26) and (6.2)-(6.10) we
have at Y=V, =0, &),, # O

Vi f) 4 )xx (‘)H‘
Ly Té}/ &':Jaf/f)z /Q’n; m;?" ; q.'w 2;:)” }—*1‘9 _(6.11)

From formulas (3.20), (3.26) we get

1, 0 ~Fdi-F0%9,0+ L)

%i’é’:;z 0 1 - J. Pl
o ,
(6.13)
ey B AL M
Tl sz . gy, -zaxé’)ﬁg’j:&:

Fdy ", Vet i R Aol iRy

The use of (6.3), (6.12), (6.13) gives

o7 7t /(P ux 8 exy |
740 ﬁ”} 2(4?5_) r’.:rﬂ ?.(r")v o ﬂ (6.14)
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where
e _%é%).wxx g 3;_ P E (%;ﬂt)f : % ?3 (%—)xxf 7
* L8y * 20% (F), * T 6 (),

The formuls (6.14) just leads to the conclusion that equa-
tion (6.1) admit the reduction Vo= ls =0 for by # 0 and
other &, = O.

Using (6.14) we obtain from (6.11) (at &ky= -6) the fol-
lowing equation for new variable /° = )0'2

7 = rElny * far*z—/,-i‘-‘;-rﬁ--r%)y

(6.15)
¢"-5' -z
7 x rs e

%t

/5
Oy T 2 T

af .
For variable f= v

M

equation (6.15) is of the form

Oe = =2 e = 151001, -

' 2 S (6.16)
—Z8)  —Enlr)y t3 )

In the onedimensional limit equations (6.15) and (6.16) are
; .
fd =1 /éf}xxxx 2

2 _—Kf /)xxxxx

that are differ from the first higher equation from Harry Dym
family.

(6.17)

In conclusion we give an example of pure twodimensional
equation (4.11). It is of the form

)5 {E) AN
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_%// Hny */‘?in' "+/6"'v I

o
Fox*Jﬂ = 1 the system (6.18) is reduced to

) [V Voy / :
g&}*ﬁﬁ :;,), ,z[/,:y-f.zz," )] =(0. (6.19)

Using the formula (6.8) one can easily obtain the expliecit
form of these equations,
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