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Lbatract

Radiative kinetice of polarization for megnetic structu-
res of the real storage rings at high - VEPP-4 (5 GeV) and ul-
tra-high - LEP (50 GeV) energies is calculated taking into ac-
count a limited sccuracy of focusing elements' mounting. Me-

i thods of the spin-orbital coupling parameter calculation are

: presented in & comfortable form for using of computers.
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1e_Introduction

There is no s depolarizing influence of energy fluctuati-

‘ons in the ideal storage ring. Radiative kinetics of polariza-

tion in this case is determined by only spin-flip radiation,
and electrons get polarized along the magnetic field direction
with the radiative polarization degree [ = 0,92 and relaxa-
tion time [1]:

T Chours] = 27410 R Tem]
TXI2D ELger]

where E ig the particle energy, R - a mean radius of a storage
ring, J. - dimensionless orbit ocurvature (in unite of R'1),

brackets < ... mean averaging over an azimuth 6@ from zero
to 249C .

In real storage rings there are some restrictions on the
accuracy of magnetic eystem elementa! mounting. Owing to this
reason vertlcal closed orbit distortions ang coupling between
radial and vertical betatron oscillations appear, i.e. the or-
bital motion of electrons becomes not plane. It results in the
dependence of particle's 8pin motion on Grbitalmone*}.

The totel theory of radiative kinetice of polarization in
storage rings was bullf in Ref. [ 2,3]. The fundamental concep—
tion of this theory is the spin-orbital coupling parameter f
the physical meaning of which one may explane in a such way.

In the motion of a particle along the closed trajectory
there exists a periodical solution for spin direction vector
= i w4}
I“L(Q} = N (9-!-2.91') [#], around of which a spin pre-
cesses with the frequemcy ), (in the ideal storage ring
V, = V=E[MV] /440,6 in units of revolution
frequency). The equilibrium particle‘s epin prnjictinn on the
—p ; -+
unit vector /L is an integral of motion: Sk = 8.0 = congt. Let

*} e return influence is negligible

*n) If one remember, that rotations in the three-dimensional
space. form the group, this fact would be almost evident.



the particle's energy jump on the magnitude ﬂat some szimuth
6% ( df is a relativistic factor). We assume ¥£e gpin directi-
on to be not change at this moment. When the particle moves
along the nopnequilibrium tr_ijactory', ite epin ie deflected from
the egquilibrium direction /L by supplementary flelds, detez_-:iai-
ned by this trajectory. During the radiative damping time
orbital motion relaxates to equilibrium one but the spin pro-
jection S, isn't recovered. The resultant change 5'5:1_ ig de=
termined by the spin-orbital coupling parameter 1(9} :

&S, = “§<a,>.a'<e,)%r (1.1

.

The value ¢l 1is a periodical function of an azimuth Q_
as well as vestor /L .« Total methode of calculation of d
in nonideal storage rings are c:::mt_einad in Ref.[?]. In our cone
giderations when the deviation of n from vertical is small, the
equilibrium polarization degree P and relaxation time T in
accordance with Ref. [ 27] are

Pp=§R (1.2)
& =T,
where
Bl KD =
(1AL 1D

Pactor G ie sharply decreased near by spin resonances V = Vé =
=<ﬂﬂ Li Vi ¢ a o 1)! , Where ‘v:'x and ‘JE are radial and verti-
cal betatron numbers, E is integer. In consequence of the
energy spread in a beam the spin precession fregquency is modu-
lated by the law:

'U=V+ﬁ.w&\{r9ﬂ_

Here ‘\_}' - unperturbed frequency, A=V Jé’” \J( - the frequen-

cy of synchrotron oscillations. Below we don't take into accoumt
the influence of synchrotron oscillation on spin motion. Such
approximation is valid within regions of tuning out of spin re-
sonances |V —V,| much greater than max {6;, : \)r]

( 6\} is the spread of /A in e beam, determined by the ener-

gy spread) {8].

The aim of thie work is to investigate depolarizing ef-
fects due to imperfections in real magnetic structures, whieh
mey be more complicated then simple analytical muﬁels[ﬁ}. For

‘instance, the pfesance in a storage ring of a few number of

atrong quadrupoles (in fact in mini—P gections), “epolarizing
influence of which is compared or more greater than action of
all other elements, doesn't allow to applicate statistical mo-
del's resulte in 2 smooth approximation. The rigorous calcu-
lation of the spin-orbital coupling parameter isg also necessa-
ry for systems uming wigglers (say, for hastening of polariza-
tion rate), as the radiative kinetics of polarization in this
cage may be egsentially dependent on the values of d at pla-
ceg of wigglers' localization. In such situations it's impos~
sible to calculate the spin-orbital coupling parameter as well
as parameters of orbital motion without ueing of computers. S50
all expreasions for d (5) in this work are comfortable for
programming. |



2. The method of the gpin-orbitel coupling
parameter calculation

3
Let the particle's energy jump at some azimuth U, , then
after 0 revolutions of the particle in a storage ring the chan~-

ge of spin projection on 1 is {I.,Si a 1):
) (©+27TN)
gsm(&_,,znﬂ}:_ 5$a+25£‘b 3&_ 2 / (2. 1)
L.

e}

where SS_L ig the change of spin component transversal to n as
a result of the supplementary fields' action on the nonequili-
brium particle's spin. Let's define

STTSJ‘_“" = STEJ_(QJZFLKJ# 5_\§L(6ﬂ+23f(!<—i})

So as perturbations are small, one may write

S“*}(Q)- {L(Q)S ) - 22K e

after that _the total change of gg_‘;_ ie defined by the sum
of all 55” taking into account phases of their precession
around n w:l.th the spin rotation frequency Vo

N

53;(9,%1 N) -“—*-; [85%eos(B-B)+ 1L g‘i%“@“ﬁﬂ

(@ =200, %= 22kW).

One can rewrite the last expression in more detalled form:

SSL(G,*:ZIH) S, & [Pwsqb C}swﬁb +Fl‘(PSH1¢*‘}°°5?)] (2.3)

- where
N —iggk-ih)
F®) =Ra[ a (et }

K=1 (2+4)

B;_(B) [i A.(6)2 -1 2K (V,- L)x)}

K=1 (2+4)

(if 2TNA  >> 1 then P and ?1'2 don't depend on N).
Taking into account, that

3:(6,+sz) =§L(6..)c.05i’, + E'x_i(ﬂ.)am}?ﬁu

and substituting (2.3) into (2.1) one may write:

58, =8 (F+M=§)st

From the last relation and definition of Ci (1«1) it fulldws
that

d,(’Q) —(p+ nxq) (25)

Thus. there are three steps for the computation of d(@)
with using of the form (2.5):

1)} to find n(Q) by means of integration of spin motion
equations for an equilibrium particle;

i
ii) to find the vector L, by means of integration of spin
motion equations for a nonequilibrium particle within limits
from 0 to 2 &t k-th revolution (see formula (2.2));

iii) to calculate the sum (2.4).
Let's conelder these points in applying to our case.

It ies comportable to ﬁeacribe a spin motion in a coordins-
te base of unit vectors qus_\, s connected with an exact di-
rection of particle's velacitx U [5]. such base differs negli-
gibly from the conventionel system of unit vectors e‘x.g,i .
used for calculation of orbitel motion in storage rings [6,7],
as the velocity spread in a beam is emall. These two systems
are related so:

e="8% E-L 8 =€
1 [I eZ J-'U-'! 3 1 2




The periodical solution for a spin in a gtorage ring  sa-
tisfies the equation

i _ xn (2.6
d 6

_P- ) : )
where CLJ, ig an instantaneous frequency of anequilibrium

particle's spin precesgion.

Let Z, be the vertical closed orbif distortions, norma-
lized on the mean radius R*’. Then in a linear approximstion
with respect to deviationa'of an orbit f‘rcm_e_n ideal one we-
have a simple expression for the frequency (Uo in the bagse

Byes L7

o =V Z,

wﬂz = O (ECT}
Wy = VI

( Z: = d‘zzn /dgi ) +« The expression (2.7) ig written
for a case V 3 1. In the first order of perturbation theory
one cen obtain the periodical solution of equation (2.6) te~
king into eccount (2.7) (nj = 1)

+29C
LL@ 82

: 3 [y 2 r H ;,'il'{ 0 (2.8)
~ K. *L =t - Zﬁ g ol (
N (8) + LI (8) = Tty * L4 ga.zxu)gﬁ

o

where P(6) = J A dB 14 the equilibrium particle's
rotation angle in a gulde field.

Py s —weka

*J We don't consider radial closed orbit distortions, as they

cauge only the coherent shift of the apin precession frequen-
cy and have no influence on radiative kinetics of polarization
in our approaching.

#_—'YW—

Quantum fluctuations of the particle's energy excite be-
tatron ogcillations with radial and vertical deviations X
and Z (in units of R) from the equilibrium orbit. In this
cage the linear with respect to 94 | X , & end Z£,
expreggion for the instantaneous precession frequency a_;r may

be written (Y 2> 1) [2,5]s
Wy = V(1+80)z)+ vz’
v i (2.9)
, =

g = Vx(isﬂ-%r) AL VX”

By meang of integration of api::q motion equation for a nonequi-

librium particle e

29 = xS

—

o B

within limits from &, = &, + 2% (K-1) to =8 +2xK
(K = 1,2 sees i8 a number of a revolution) one can find the

solution for Et - ( CI.;'” &) .Q) in the first order
£ A 7 r
of perturbation 'l:fl'vau:}:lz‘;',!'ﬂ : ¢

A(8) = (@ +iaf)ar S5
'8

: ~IXKA 4 ok ‘
e 8 £ VA S rg& i X(g)+X (91)]"[1'1,{(@)*5'“%(&) € %

2.10)
ooy “AKA*EV(RE®) G i
vl [[zj’% d6-9 2.6 di+
0 3, B¢

|

© While obtaining the expresgion (2.10) we've resgtricted the
expansion of EXPL[VPA+ &) —vx'] by linear terms that'll
lead (eee below) to the account of only linear resonances Y=§£.
and V+V, =£ . In the general case owing to the spin preces-
gion frequency modulation by radial betatron ogcillations there
are also nonlinear spin resonances VEmVy=£f ( - integer),
but they can be ignored, because their widths are very small.

(a ]
-



= B2
V(2 5+ v VEm @), -ivp
+vzeﬂ(zx }fz;‘x’ade-LvE Jz’a dd
8, 01

o iLemnikd) o]

In (Eﬂ:‘lﬂ) we don't include the ferm "LV.‘;_{& X
> 1 fzfe_"mﬂd_& s 88 the parameter VY 1s supposed to be
verya’big. From {(2.4) asnd (2.5) the formula for d is derived

— i2mxy
' ' ZE; o (2.11)
K=1 >
and dE=O , because the deviationa of n from vertical are
small. :

Purther, using (2.10) and (2.11) we'll calculate the par-
tial depolarizing influence of quadrupoles' rotations and ver-
tical closed orbit distortions.

Je Depolarizing influence of the guadrupcles’
rotations

Let there is an imperfection in the form of radial gradi-
ent of radial field afé/d»\', which is connected with the normal
gradient 2Hy/0Xby the reletion:

QH, /X = oL DHz/ X

where ¢{ 1is the rotation angle of the quadrupole around the
orbit direction { A& 1). According to (2.9) supplementary
fields, acting on the nonequilibrium particle's spin are defi-
ned by orbital motion which is deseribed by equations:

" = é‘_d"
+-1?3)( j{;r,

(3.1)

1l

Z'+ g2 = XX

10

L&

where éE.(Q)'—‘- BH;Y /3)( is in units of the mean guide field,
?ﬁn?ﬁ are the focusing functions. The contribution of the
member @ Z into X-motion (see (3.1)) is neglected, that's
true if the vertical beam size ian't excited very much (for
example, in the case, when the working point is far from line-
ar coupling resonance of X -~ ond & - oscillations, or when this
resonance is compensated by si}ecial gkew gquadrupoles).

By means of variable congtant method one can derive from
(3-1)'.

Z= A;f;"‘fﬂ—l;?;

e E ze_xﬂ
(3:2)

A = Ax‘][:: 3 Ax:l:x-

Lol Par s
A*‘za,‘%?’ 2

Here JCXJE are the solutions of (3.1) with zero right part.

Up=-line meane the complex conjugation. Let's define ch.E 80,
that fxl!BXPC"L‘%?) would be the usual Flogquet functions. Besi-
des (3.2) it is convenient to use the following deseription of

X-motion, inveolving Twiss parameters [E,?]:

=& SN (3+3)
X=3(cf +Ch)+ 4 o

where S”x [9) is the dispersion function. A complex constant
C may.be easgily found by using initial conditions at the moment
of a photon emission at azimuth 6, ( X = X'= O) [?]:

C :%ﬁ&:w

Bx (344)



=
where I"{J{f!z; ax=“ﬁ"/2 /“{.x (a)-‘fﬁ ®

Let Zﬂ = . Then, using (2.10) and (2.11), one can write:

: &z
AK = —LVe Z £ dﬁ
9!
Sum of all /_A\K from (2.11) msy be found, if one use the con-

ditions Z"(@o) Z(m) 0
(d, HO{?JJJ’,HV 5LP¢]Z ﬂejwfw (3.5)

So as (see (3.2))
{ { L
A;g ]t; T AE fE =0

then integration of (3.5) by parts gives:

(ctx;a,dg,)%a*z% ”ﬁﬁx }Ejf}i'w —ﬂf %2 400d8 .6

—ﬂ'

f £ [ni"%
The lower limit in the integrals _ ¢ dg and J;%E'. db

s which are detemined with an accurac;.r of an
additive constant, is chogen - 0° , Integration must be perfor-
med with adding of a small termbthe exponent index, which
doesn't change the subintegral functiong on the phyeically es-
sential interval of the variable @ . It's convenient to define
the periodical function F""'f’g) [5]:

e
Fle)= Ve E}ij}:ti"”‘b A

1

o aNE A% ;S (3.7)
=Y e WYY T hs
0= 2X/m
LEX)-) 1 f
SR 7 ae ']
e-4x/m
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-_—

(3.7)

Here [Tl is the number of superperiods of the given storage
ring magnetic structure. Then (3.6) may be rewritten in more

gimple form:

(dy+idy)d = W&mb

¥ G,

v
In puch way F -function characterises the spin motion respon-
se on perturbations %(9) (about the calculation of F";
~ function see Appendix). :

Substituting (3.3) into (3.8) and integrating by parts,
one may find: '

B+l X
; : v
d_x+ L,cL%, .'-:g {C[1+LJQ,W(V“VHJKS‘ Fe s al.Q-l'
(3.9)
0421 5 +u9}
+C-[1-L;CT-3,TC (W+Y) j‘EEF, F i B +

B.t2 T

+ (1 —Lr.téﬂllv)jfx,% F“@-Lwdﬁ]
8.

For speeding up of a numerical integration in (3.9) it's con-
venient to use the same way as in (3.7) (see Appendix).

It is evident from (3.T7) and (3.9) that.the contribution
of ﬁ(ﬁ} - perturbations into a value of sgpin-orbital coup-
ling parameter is more significant near by resonances

V:"LJ. Vivx= E,Vivzzfﬂ'e{‘g = O, t‘i; I see)e

Formulae (3.9) and (1.2) were used for calculation of de=

polarizing effects of quadrupoles' rotations in the storage

13



rings VEPP-4 (m = 1) and LEP (m = 4)77,

Fig. 2a represents the dependence of the factor

= P/R=T/T, on V(J’) for some random rotations of
all VEPP-4 quadrupclea? The energy region is near by the 7"
- resonances. For comparison Fige 2b illustrates the effect of
the rotation of one strong quadrupole, which is situated in
mini- gection of VEPP-4. The working point of WPP—4 is ne-
ar by the coupling resonance .f"f']/ VE ’ ' iy

s 80 spin resonances V;f_' V. = f and V_".'Vz-'-' E

are not distinguished on the figures. .

Fig. 3 shows the depolarizing effects of all LEP quadrupo-
les” random rotations within the energy region from 44 up to
47 GeVe

4. Depolarizing effects due to vertical closed
orbit distortions .

An especially hard influence on a epin is caused by radi-
al fields in a storage ring. Radial fields eppear mainly by
reason of the vertical displacements O Z of quadrupoles from
their ideal positions. The presence in the median plane of the
radial field /A, = §Z .2H: /dX 1leads to vertical closed
orbit distortions Z (9) « The summary action of radial fields
on & spin is characterized by means of a value Z:‘F (see
(2.7) and (2.9)), which is determined by equation:

z = = ?ZZ -+ X (4e1)
(Hx ig in units of the mean g;u:l.&e field). Using the same way,
ag in preceeding section, one can find the contribution of ver-

tical closged orbit diestortions into value of spin-orbitel coup-
ling paremeter 4. :

B» "‘.21'

d +Ld3. = vzﬂ [ ?5(14- J'W)JZ £ b

(4.2)

%] All LEP parameters are taken from "Blue Book" [B].

¢ — 14 -—

Bet2 T Bt 25

TP PP TR

Bt X f*x -Uﬁb)

o CL1+LW3;TE(VJ<""’]]S r iy FJ (L "Ex) f, B +
i (4.2)

VP
- E[1-Ld9,35(\}x+‘)j]§z ('**d'x)e' ” db -

0.+2x °

B TR ch?zw)i W éw¢d’9} |

The two first members in (4.2) are dominant. They may be obtai-
ned by the direct differentiation on an energy of expression
for T’L(e) (2.8). The origin of other _mempgra in @.2) is con-
nected with a modulation of the spin precession frequency by
radial betatron oscillations. Numerical integration in (4.2)
one can make in the same way as in (3.7) (see Appendix). One
must be careful that the step of integration should be correct,
egpecially on the area places of "strong" quadrupoles, where
subintegral expressions in betatron terms (see (4.2)) may be
algn-variable functions of an azimuth. One can see from (4.2)
that radigl fields bring in an especially large spin-orbital
cuupling near by the regonsnces \ = { end ) + \) ﬂ

{ Lot lnts '

Figures 4a,b illustrate the depolarizing influence of ver-
tical displacements of quadrupoles in *FEPP-4. Figs. 5 representa
the dependence of G— on \)(X') for random verticel displace-
ments of the LEP-quadrupoles. This dependence is plotted only
for half-integer values of V (V= /[ + 1/2) , that are at
mosgt disposed of integer spin resonances, which are rather
gtrong in the present case.
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Appendix

It's convenient to rewrite integrals in (3.7) in such
form (let m = 1 for simplicity):

& 0
LT (V)11 [ = o -ive L2 [ = o
[1-¢2 *)] inm od8'=[1-¢ v‘)ﬂ};}{ewﬁm
0-2% =2
I

o _ 0
2w (V)11 (. -t , L2V V) eo[ -V
[ sz jfifiepde:[i—ﬁ )Jljfzih',e dlf+
e-2x 2
. —ive i

+§§;3{.€,

It allows to speed up the numerical integrating in M;’E
times, where M is the numhei- of pointe in a storasge ring, in
which one must calculate F +« Let's introduce such notations:

e : :
U (6) = -‘JJ{ P-;& [otg 08 v8) —sin (y, + V)] o6’
¢ 'ﬂ@ . !
%(8) = = [ p, [cos(pa*VP) —at, bin(pz+vP)Jdo
0
e _ - '
50)= — [ K pa [t cos(usv8) ~siu (g -v9)] 48
0
: =
Uy (6)= - j:ﬂ: p'."i [cos(pa-vP) —clynin(p=v?)]
)

- 18

Vy(0)= 3 (U clgm(VeV -4 ] + 4
V()= 4 [0 — 15 ctg T - 7]

(6)= 4 Wy + 4] —4

4

Re (00} = P Vo 90) i ) -Vpos 8- i )

Then : ;
S (8} = YL B8t VOV i (V0 Vi (V)00
Because of the periodicity of the F:ifunction over azimuth it's ~

enough to determine it over a eingle superperiod of a storage
ring magnetic structure. Numerical integration in expressions

. 27
above must be performed with the step Aeg m‘["ﬁ' 3 2{}

Vv
Fig. 5 demonstrates the function }F (9)/ for VEPP-4
(m = 1) at two different energies of the storage ring.

19



Fig. 1.

Fig. 2.

Fige 3+«

Figt 41

Fisl 5|

Figure Captions

[ (V) zor vEPe-4 (V= 9,57, V, = 8,60)
a) random rotations of all gquadrupoles with the =ngle
spread (‘,’(."-1{}"3

b} the single "strong” quadrupole is rotated through
the angle of = 5:107%. Dotted lines mark 7" -
- resonanceg.

The dependence G(Y) for random rotations of all LEP
quadrupoles with the angle spread (f ~ 5.1074,

G(v) for VEPP-4 (V; = 9,57, Y, = 8,60)

a) random vertical displacements of all guadrupoles
with the epread & £ ~ 0,02 cm (remes. value of
vertical closed orbit distortions ~ 1 mm)

b} the amingle "strong® quadrupole is displaced on
&% = 0,05 cm (rma value of distortions ~ 2 mm).

Depolarizing influence of uncontrollable vertical dis-
placements of all LEP -~ quadrupoles with the spreed

dZ ~ 0,005 em (r.m.s. value of vertical closed or-
bit distortions ~ 3 mm).

Paniction | F "‘(9)/ for VEPP~4 ( )} = 9,57)
a) E=5 GeV ( V = 11,36) :

b} E = 4.75 GeV ( V= 10.73).
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