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ABSTRACT

Radiative corrections in elastic electron-proton scatte-
ring are calculated for such a set up when only the scattered

eiéctm ie registered. The accuracy of calculation 18 ~ 0,1%.
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TNPRODUCTTON
cceupraey in elastic electron-proton scattering experi-
wan esgentislly increased during the last few years. In

. experiments [’I, E_j the cross section d0° was measured
with sccuracy exceeding 1%. However, electromagnetic form fac-
tors of proton are extracted from Rosenbluth cross sectiundﬁ"n ,
with emplitude M, shown in Pig. 1 (wavy line corresponds to
photon, deuble one - to proton). The measured cross section de
ig distinguished from the Rosenbluth one dﬁ; due to electromag-
netic radistive corrections (K}}:dﬁ'=ﬁ*5.}‘ﬂ\"0§ . The magnitude
of & O depends on the set up of the experiment. In this paper
we shall consider such one when only the energy and scattering
angle of electron are registered, and recoil proton and photons
are not reglstered.

In such a set up one usually uses the formulae of Schwinger
[3], Maximon [-’i-] and Tsai [5] (see also review [E]}. However,
the sccuracy of these formulae is unsufficient for the high-pre-
cised experiments [‘i, 2] because in these papers either the re-
coil effects of proton (including its bremasstrahlung) as in Refs.
[3, lI-] had not been taken into account, or the terms whose con-
tribution into O has the magnitude of o = 1/137 order, as in
Ref. [5}, had been neglected.

Meanwhile, the model independent calculation of such terms
is possible if momentum transferred to proton is small compared
to proton mass

mch-fdt‘Ma, ms=m, Msmp, (1)



Indeed, uncertainty due to strong interaction effects arises
mainly from the amplitude /My with two-photon exchange whose
contribution into Y is smaller or of the order of the magni-
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L gE - €

In this paper, initiated by experiment [2], we obtained
formulae for D with the accuracy exceeding the one in Refs.
[3-6] . with this purpose in the first order of o (the ampli-
~ tudes Mf—s ) we have taken into account all the recoil effects
neglecting the terms of order of (2) only. Unlike [3-5| we did
not assume 4f (ipnaccuracy of electron energy) to be very
small and also calculated the terms proportional to 48/ and
82/M . It may he important when scattering angle is close to
180°. Besides, in the second order of of we took into account
the main contributions containing the produocts of four or three
large logarithms ﬁ)ﬁ'ffi"ft) and dne or two logarithms nr&(il;/f)
kind, neglecting the terms in O of the kind

s 2

5(b%)
(for example, /M,, ), so far ss in experimental conditions of
Ref. [2]  type,~t ~ &£~ (110 MeV)Z, quantities (2) and (3)
are of the same order ~ 5.10 '. Below in Section 2 we give our
main results. In Section 3 the comparison with previously ob-
tained results is given and the generalization of our formulae
for the elastic electron-nucleil scattering is discussed (the
"peak™ gpproximation for this case is given in Appendix 4). Sec-
tions 3-4 and Appendices 1-3,5 are devoted to the details of
calculations.

The main results of the paper are presented in formulae
(4_5)1 (9): (22}-

2. MATN RESULTS

1. Basic notations we use in the paper:
m and ™ - mass of electron and proton; £ and & -energy
and scattering angle of 'elﬁc_trﬁn (rest frame of initial proton
everywhere is implied); f“:(szMJ _ﬁn"{ﬁ}"f) - recoil para-
meter; &, = £/(1+F) -energy of elastically scattered electron;
3 L. energy of inelastic (with the emission of photon) scat-
tered electron; y= ﬂé'/f.‘; - relative distance from elastic
peak; #=-Y&&, sin’;g— :

at elastic scattering;

- gquare of transferred momenta
LBk v Llchr
N mt Y singlg)

X 3
D(x =-‘af &rf—;) %"2 s Pra) =

G-E. and ﬁ:H - electric and magnetic form f;ctora of proton;
d0, - Rosenbluth cross section:

Ztofa cni’f d O
ds, = Py .tirﬁ{- (C"'-D)T:F. :

O o D_E-fﬁ:/’*mz
C=-smmtgz V- 1-tlyrrr

d‘% - s8o0lid angle element of scattered electron., For conve-
nience we have also intriduced Z —charge of proton ( £ = 1).
Throughout the article we consider electron-proton scattering;




formulae for positron-proton scattering msy be obtained by me- B

P P
ans of formal replacement Z—=-2

2, Let us consider such an experiment when the scattered

in solid angle element dq. electron is registered, its ener-

gy ¢  1lying in the interval .
fo-8E¢ & g8, (V=088 «1)

(the so=-called "elastic peak"). In this case de(v)=(1+8)-da, | Q Z

where BC O is — e ——— T T B e,

o S-ﬂ" 5 Siuiﬂ; +S ¥ 5 (#)

3 4 ¥ Ye
Here, S‘, y corresponds cond:.tiunally to electron bremsstrah-
o i
Sropt
- __‘;; R

O = (1ep)e ¥ - 44 _[2 L-hnter) -av + Y]
PRS- 55 F Fol

k19 g %2
E"M,ff == T}ﬂ;’ﬂ-"f) &1-:;' ’ ﬁ ﬁ i + permut. K="k
L . '_w_ : _ h___._______
HB

f0)=X - L Pleo’f) = {fnsii’ lneos’f + §Plinty), (D)

a==[p-2(l-3-14'E)+ CL] iiiiij

oo i) ) @ .3

Quantity S;,,H,,{ coriesponds to the interference of emission -
from electron and proton, i.e. to the interference of amplitu- Figele
des M{I and Mz ¥ Ms’ and Mp H b i, il =
Fd?rsinf {ezﬁ[ 4 4 I4 )
— s i il + -
Ointert = 1+ sing > Ly +1-5 L ai1+1), (6)
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TABLE

S for E‘P -gcattering (formula (4)).

& , MeV 100 200 500
a5/ E ol 3907 |- 135THRER = o
fo a3 -0.198 | -0,240| -0.251|-0.254| -0.265

1075 -0.124 | -0.151 | -0.158}-0,161] 0,169
0.2 -0.018 | -0.020 | 0,024 |-0,022] -0,022

Comparison of our result S (4) with Bchwinger's (11b)

and Tsai's [5] ones for E‘?P -scattering,

E = 100 MeV, & = 60°
ep e'p
Afe | D Ss-chwingex o, s i gﬁchwingeﬁ o, e
102 lo0.225 | -0.231 }0.229 | 0.216| -0.231 |-0.236
10~° }-0,142 | 0.149 |0.486 | -0.131| -0.149 |-0.151
0.2 }0.019 [ -0.028 }0.024|-0.006| -0.028 |-0.043

%) S'T = {‘f'*ﬂ){_’,s*nf*ﬁ_i bt S’

Tsai

Tsai[ﬁ], formula (II.6).

from the paper by Mo and

The fthree last terms in (4) are small and practically may always

be omitted. Particularly, Sﬂ, corresponds to proton bremsstrah-
lung (amplitudes M, ama M, ) [ ?]
S _2Fu ¢ M |
oy =

im— g

ir me £V

5;., and 5& correspond to muor and hadron vecuum polarizati- |
on (the interference of ™; ana M, amplitudes): |

S= 5[5 - F)1-F03t)], vef1- 3%

and 5&. doesn't exceed 5:,., g
Table gives an idea on magnitude of BC under different con-
ditions.

3. What is the accuracy of presented fommulae? In the first
order of ol we had kept in © not only terms ~4& , but also

contributions of urqar of

PP
me '

whereas smaller terms, involving (2), had been neglected. In the
our result is

2
Lo 0 ;,}%L‘) : @

1872

4é&
oAV, dvz’ WAL R
second order of

) _ ¢ 2
o0 = ?SI#H "'ﬁ'swf =

It contains all four ( /-/nV ), three ([.!5.15 LG, L' ) 10gs-
rithmic terms and one or two logarithms of trv (_{,fnr, &’l{, 5;1!)
kind, whereas the terms of (3) kind in (7) undi.l; :
ted. We omitted in (4) the last tem in (7) ~ ——3 /
because it did not exceed the neglected ones (3) in the whole

were omit-
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region (1): J.’.{/?'.S < 4.
4, For typical in experiment [E] conditions
g=111MeV, 0:59,3° (8)

Y = 0.01 B¢ and its contributors are 5 =-D.'I!{-€{;Sé!= -0.149;

Sierg - = 0.005, By =-1.3 10" Gy =3 0T B =
= =0.207; B = 0.045. Uncertsinty of quantity & in these
conditicns if of 5-107 " order.

5. Let us congider now such a set up when only scattered
in solid angle element dﬂe elect.ron is registersed and its
enargy £' 4is situated at small distance 4= Eé- F= J.I-fl;
from elastic pesk (the so-call 4 "padiative tail"). The corres-

*)

ponding expression for the cross section 1is
#7. 2f_
do = de,. %-fy{i“f-g}ﬁﬁﬁ + 22 In {1+) -'ag-—gM +
. (9)
ol +J,3){L-f)],

The accurscy of this formula is £ 1% for V¢ 0.2 and de-
creases for larger ¥ . More exactly: when inferring (9) we

omitted the terms of relative order of

3 £ 3
Wi vL;,,—s eV x Vi .

&. In experiments [E] the ratio

ns e o

%) It can be obtained from the cross section f;'*g) 01’45:, (4) by
differen jon over Y .

p=—tt de /.Ja*rv) _ d baldet9)/d0. ]

de'da, do. =  dbay
was measured.From (9), (4) ome can easily obtain that the- Q-
antity R is approximately constant under conditions (8) and
Yy = 0.01 = 0.2 in accordance with the results of experi-
ment [2]. Indeed, if we keep in K/R, the terms ~X and omit-
ted S;pd, y 5;,.4 and 5:#. y We have

R - g+ Laveadsts 2zloirer)] - Z[ £ (Lo1) ln (1e1)-

(10)

- v BV ] -Gy R =2 (L-1).

The magnitude of l?/f?# varies from 1,005 to 1,016 for wi_da
range of )Y variation from 0.01 to 0.2.

- 3. COMPARISON WITH RESULTS OF OTHER WORES. DIH!UESIDﬁ.

1. First, BC (4) was calculated by Schwinger [3] in case
of infinité large mass of prnt:qn. For practical calculation
one useg the following formula (smee reviews [4—-—6} )s

& *Ps

I

poo [ B lt)- 10, L2 ar'E).

In the limit M= o0, 4E/6 20 our result (5) differs from
that in the first order of ™ by the term



SMF 5 Eammi‘f * (12)
i+ .sin-g-
This temm, well-known for the case of scattering of electron on
the externsl field (McKinley, Feshbach [8]), arises due to M,
and [¥], interference. st 6 = 60° it equals §,, = 0.008. In

the second order of ® the Schwinger's result

(2) B i . P
Schwinger 2 bs +/5~f'§$ S N (13a)

differs, strictly speaking, from ours (7)., Sometimes, instead
of (11a) one uses the formula

IN i 5

S = (’-’"‘jﬁs) o S (11b)

Sehwingep

In this case the result in the second order

5 2
=(2) - i .
5 “zg +/3-TS;5

5{.’;}&.":’ e i (131:')

also differs from (7). Nevertheless, in region (1) difference

between (7) and (13a,b) is beyond our SCCUracy.

2. The Maximon result [4, 6] will coincide with (11b) 1if
one replaces in it L_s for L =r{;= = g”(f‘”") « That added ¢to
§Sr_hmg,, the terms Nmrfﬁ}l and corresponds to partial acco-
unt of proton recoil influence 6n electron emission. But in
(5) and in B, (6) there are some other terms of the same

order and the temms ~ ot/ which may even be larger; all

these terms were not taken into account by Maximon.

3. In Tsai's paper [5J the recoil of proton and its emis-
gion was taken into account, i.e. the terms of _ﬂ“"ﬁ!l’ . and
arl order, but the terms of order & (for example, S'MF (12)})
were omitted. In conditions (8) these omitted terms have the
sane crder o{rfn Vol ~d ~ f/fﬁﬂ » 80 the Tsai's result
has the same accuracy as the Schwinger's one (11). The diffe-
rence of (4) from the Tsai's result [5] is mainly connected

with M.szrg :

_ 5 Tiai 24 2 ]+ Zot I sin(6/2)
=0 o ‘a‘r"[” 2 S i 1+ sin(8/2)
For the electrons scattering these two terms essentially cancel
each other, so $-37%¢107°, For the positrons scattering (24-27)
this difference may reach 0.02 (see for details Section 5 and

Appendix 2).

4. Formulae (4), (9) may be applied for the scattering of
electrens on spinless nuclei. In this case 7 and /M denote the
charge and mass of nuclei, (=0 ,]D= Fzﬁ:) , where F(t) is
the form factor of nucleus. However, the range of validity and
ﬁhe order of omitted terms are changed. The main uncertainty,
as before, is connected with the amplitude M5 s but the order
of omitted terms is determined by radius of nucleus E{"’fd fﬁz)
or by the distance to the nearest excitation energy level of
nucleus. But this uncertainty may be excluded by means of com-
parison of the experimental cross sections for the electron

and for positron scattering on the same nuclei.

10



4. CAICULATION OF HEAL PHOTONS EMISSION

1. When the distance from the elastic peak 4z= v-&, is
sufficiently small, the classical approximation to RC is good:

I MMy = - ara(8-2B) 14,1,

(14)
Er — __.?r — m——
8= kp' i3 "E_;w 2 B T k9 kY -

The corresponding RC has the form
|

S;*&iﬂ-fﬁf*ag = j(B 2233 ZB)‘M-W s

where w =/ k2 +A° is the energy of photon, A is its "mass"
introduced for the removal of infrared divergence. In region
(1) the electron is ultrarelativistic while the proton is non-
relativigtic, so the probability of photon emigsion by proton
is very small compared to the electron one:

[ Gk é“) M [f
B""[ M2 ' Mw /’ Ma

Photon energy “W weakly depends on the direction of its emis-

e g* g T
=Z2ye~Z Mt (15)

sion for the fixed p’ (see (23)), so one may put Wi, = 4&
by calculation of 32 and E'Mfﬂf « Averaging over photon

emission angles

l-'«!‘a- ¥ P
(58)=[bB 5 =i (BY = Mm

.:'tu'.t‘

11

we have

Smm-f 5 2‘ I Z‘:{H ; <335'B -ZEB") .

42 z2& Z
- oef(r- E) 3 -1 52

. (18)

2. The dependence of & on emission angle is to be taken
into account by calculation of 5} + However, cne can show (see

Appendix 1) that the relation of (16) type

u?
I
T ¢ "”k (17a)
5,=-2J (b y ko —
is valid but in this case
wmﬂx = é'p (1%)

2
A.verag:l.n.g 3 over photon emission angles we have

.Fx .]E'z (J"E.::) (mﬂji"' (A 'f)t = (m?}1+f}é‘;)2 : (17c)
f?:=- f’xff—r.l' )V Ep =& + (1-X) a-',’ "

Calculation of (17c) (see .ﬁ.ppanﬂii 2) leads to the expres-

5= 2[0S + 2L 2 -] ((25)

where f{ﬂ) had been defined in (5). This formula differs from
the one obteined by Tsai [ 5| on the term -%:’t fre) (aee Ap—

12



pendix 2 for discussion). Let us note that in the limit M=
formulae (17), (18) coincide with l:hre Schwinger result (see,

for anmple, '?J § 117).

3. Let us consider now the correcting terms to approximate

; £ 4€&
expression (14) (proportional to V , VY* ana Vg )

which is essential in the region of the radiative tail. These
z

| :
corrections have to be done to {M J|' only due to estimation

4

(15). After averaging over the initial and summing over the fi-

nal spin states we have

M=~ [0 ) 40 "o} pll Fion? (o]

V0 ol | st PR L
9'=(p-p-k) = g*- 29k

2 :
Expression IM**I‘ "in terms of invariants is given in Appendix
[

% e ! ; SO 3
3. Here we give more convenient dimencionless expression™-

o et IMl

T(4m3)22 14 M2 E (1rase)

s i : v €

Expressing it through dimensionlegs parameters x= 5 2 ’
EJ‘

§= (energy fractions of photon.and scattered electron)

and emission angles of photon and electron we have
-2
T =[CO0") lavrcie )« D63 o +xd e ) 1+ 2E]™

2
*) T is normalized in such- a way that T—r--;-(mg)-(f@})
it ksp.

13

ey k BE ke 7P sk
k=G =55 = 1RGN A G v e yar
; - 2 " o
__—z -
g Y& (1-cosg) [ 1 + - w_,,;]

2 2/.-2 2
i _ _(1-w8) mifet  miler

{ 2 (1-4)(1-cog ) (3’ i - :
d‘!‘ 'id‘(ﬂ-cp_t&_}[ (f 3)( )+ 2@ 27 E"E xt f?r‘}z ; (20)

dy =g [ 22X . 272
2 21+ cos) ae :{’x‘ ’
o e R m?® . S
1 "?'(f-cuséj E’*’-“’aﬂ" 2e(1-tose) ;:-T i ?3 ac'z') .
i [ o’ ¢\
, = —— e Y
STl -

: 1
It is easy to see that !M}] and | are invariants under

the exchange PHF' 3 k -*—JE . So, under the exchange €+ e’
?_, f/g , T— — T'f;f we have

C-ln F_’(-?)nfn J dn _’(_?)ndn ' (21)

As a result the cross section corresponding to amplitudes

M,+M, bas the fomm

8
{z?gc)ﬂ' ws*s  do 2 d’f dag, 25
o= z,s‘sm*'%ﬂ e [ T+ T (D)7 AR

14




where T was defined in (20)end

T'= £ M22$8-7'8")=
- 2k {=cos0-T  Y{t-co8)+T
T Meer ( ae’ . e )""
el
e [aytema a0t -]

+

Here the fraction of photon energy is (see A1)

yaar o
€ 1+75 (23)
s
Specific energy dependence of this cross section _E"f_{"
¥ a2
corresponds to the well-known infrared behaviour %:3 .

4, To integrate cross section (22) on photon emission an-
gles it is convenient to expsnd the integrand using small dif-

ference of Ql grom £ and of x from Y @
gi=t(-)(1+xy), 2° —g'ﬁr_m")— j o= (1-7i) -
Begides, "E- use E,IN(az)z GEIM_(f)*ﬁ("f/M") . The expression
T (20) expansien has the form
T = C[e(1-9)+ v(1-v- ce/m)(ci-hg) + v (6 +4ic,)] +

+ Do[do + V(1-£T/M)(d, -20ds) + V{dy+351d)]
The further integration over d 0‘,. ie now trivial. The main
contribution is connected with aﬂ, averaging

[ ot

15

Tt 1s useful to note that (d;- 204} ,(C-16) are pro-
portional to amuil parameter f—}: F+y , which can be seen
from symmetry relations (21). As a result we have {TJ=L*?-#’*2’V:
where @ and £ were defined in (5).

S0, cross section (22) averaged over photon emission angle
is

dy:d‘ﬁ', . %’-‘-*;:,{-_{é, [L-f-av+zgﬂ’+3r(f+y)- % ] ‘ (24)
Appendix 4 is devoted to the so-called "peak approximation™j
it is more rude than (21), (24) but works for the case of hard
photon.
All the corrections in question are connected with the term
-av+2fyt . It's energy d& integration gives the additio-
nal contribution to D, (18)s

¥ 9
- 2 [(av-26%) %1-’_ =- £ (av-4v). (25)

5. By calculation of RC to cross gection (24) it is suffi-
cient to take into account the emission of photon from electron
only and the recoil effects may be neglected, i.e. we may con-
sider M J‘Giagrams only. Connected with Mz RC can be extract-
ed from Fomin paper [9] 3

dﬂ} = 2(F+ﬂ)-dﬂ} >

[z gll-0hk - 4L vl 1% ); (26)
=%+l -%)

16



To nalculai‘:a' RC to elastic peak one needs to integrate (26)

over photon energy up to wmw-df :
: : % 8 e
dﬂ; = S;.Q,fﬂ-hﬁ)dﬂ& § ((_?j

where Sd' coincides with 5; (18) if we neglect the recoil ef-
fect in 5.., y 1.e. E:,—:«E ’
The contribution of 3 in RC to the elastic peek is

it 3?’1} o’k
'k—_ijgé 4 0y 4’3’:71 ;

j;,:L--—F—* ) (=42,

and the upper boundary of photon energy is determined from in-
equality W, + ) L4E . Coefficicnt -2'!- iz connected with the
identity of photons. After averaging over photon angles we ha-
ve (compared with (17))

5,248 v 5 (L-1)],

4 1 EPP’ - . _udlrf-‘['-f o
I:l (J R+ Jie n}‘k"m £t )57{ 53 ) .

: 2 h
One can put A=¢ in | and sfter this one gets I—'a—(};-}'),
Differentiating 53 over A& , we obtalmn the Ma contribution
te BC in the region of the radiative tail

d.;}"., J:j’df dr, =S;,'d|}; : (29)

17

e —— e ———

e r—————

‘Adding (26), (29), we obtain the total R0 to cross section (24):

de, +de, = (p+85,,). dr, . | (30)

‘The sum of cross sections (24) and (30) leads to (9). In the

same way the sum of (27) and (28) givea RC to the elastic peak
from M_;‘f; :

de, + i = oo, [5(£8,+ar+21) + O[S L") . (31

5. CAICULATION OF RC DUE TO VIRTUAL PHOTONS

1. RC from Msfg,-fﬂ diagrams are well known:
M+ Mi[F = (1+ren) (M)
2he(MMo) = 27T IM,[*;
2re (M;M,)= 8- I M,[*

[l

where [ and [l were defined in (26), and 59 was caleculat-
ed in [‘IO] :

85. = ,Jﬂzﬁ 0( )

Together with (18), (25) and (31) these corrections lead to S;J
(5), (7).

2. When the recoil effects are neglected the 55 contribu~
tion of diesgram Msis well known (see (12)). We will now take
into account the recoil effects whose magnitude is of &F or-

der, but will neglect the strong interaction effects whose mag-

- is of ot /M* i
.nitude is of order. In this approximation we can comnsi-=

18




der the proton as the pointlike one. Moreover, we cen comsider

it as a spinless particle in the same approximation (We have
done more complicated calculation for spimor proton by using

the results of paper ['1'1] , naturally, it gives the same re-

sults). So we may consider Ma- as a sum of diagrems in Fig.Z2.
It is easy to see thatb M{, vm® and, therefore, is irrelevant.
Two remaining disgrams give

_2RelMe MM 2at il Ik
s~ Reige Sy ylFl ]

R = #iS‘P[(fi#é‘:){}éum}(éi-éf’(ﬁ’i—m)]-- #Maff; (f*ﬂﬂﬁ) :
S..a“‘l-'ﬂ': {2?+k)ﬂf-€m’*k-})y(ﬁ’+ﬂ“9ﬂ'
R A R AR LA
,W- 2% 2% v+ ,w_}{‘_ - v‘_}_

V, = 2kp'+k® 2 =-2kp +4°,

: AV Ay ¥
Since, due to gauge invariance l‘fﬂi =f -(f-i’:)=f? we change

,H'Ir‘ﬂ' M ¥ &
S for 8 i and have

19

SI == -i_—ﬁ- t [j’(u,f} "gt’,r,f)_], .i'-'fpf-g';l:, “*""'F'ﬂ“ﬁ
grud)=2p's) T+ 3 A“I”
A‘H = f::r' g’a [&Jﬂﬂ‘;'(ﬁ fﬂ‘l)ﬂtlflﬂf‘_m} :

(32)
T kA
J= )PE' m,l— rt v, Yo V3V
The calculation of A gives
A= a (pep) s c(Te8)"
Y 4 f)(pfgu;——fﬁ"‘—zs M (M ve- z) M (s-sJ
2c = zflp'?)(ﬂ.‘rﬁp'?) +Fff"'f sIEN (£+£:) —HJJE-E,'),
and
AT/ =tav)(£T-0,) +ady « ¥, ,
where
Vi
J, = Reze jw dk (33)

The asymptotical expressions for J, J,: are presented in Appen-

dix 5. As a result of rather cumbersome calculations cne ob-

tains

ont rlf oy Sres ;




where the first term was defined in (12).

The sum of &; and iy (16) (using (24)) leads 0 Suay
(6). It is easy to see that the "infrared term" ( %’l ﬁvF-.fnﬁﬂ))
from (6) coincides with the corresponding one in the Tasi re-
sult [5], while the 8, temm is absent in Ref. [ 5].

We are very much grateful to V.F.Dmitriev, I.F.Glnsburg,
V.S.Fadin and A.I.Vainshtein for useful discussions. We express
our gratitude tc D.M.Nikolenko, 8.G.Popov, D.K.Toporkov and
B.B.anbﬁekhwaky for having discussed the possibility ‘of the
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APPERDIX 1.
Let us introduce 4-vector b 2 240p' i Buvia tbe Jaw ot women-
ta conservation we have =Pk and (f:-l—}:=£!—2£.‘:+f‘-‘ m*
or
b pteat
R AR]

g |

- (a1)

i.e. the lab. system energy of photon depends on the angln' be-
tween the vectors ff and 7 . let us consider, following Tsai
[5]+ the special frame of reference where vector h bas only
the sens smpinier k21N - | Gatis oatrdes quantities in this
frame of reference we mark using the tilde sign). In this frame
the photon energy w = M’-H‘+f)/£@_' does not depend on an-—
gles of its emission and changes from A to ), = ev[1+ oft’ﬂ]
when &' varies from -’-’; up to f;-df « The integration of

in this frame is rather simple and gives { £ =ff-4t ) - &

21

s=i]m [t Babeptie SRR

1 m‘a [ﬂ @ I=+J‘£;’ miEts (4 F)2 Wﬂﬁf}"
pE=lypergpl'==ggtr)+m’, & =47+ 00 F",

Taking into account that = pA/ViT = & [1+ 0],

F= p'h M&T =¢&[t+0(y)] and making substitution Y=1-x we

ahte-.in expression (17).

]i‘ " £ )
o

APPENDIX 2.
It is easy to see the origin of difference between our re-
gult (18) and the Tsei's [5] one., For this aim we perform the

exact btranaformation in (17a)

B g vy LY
k= = fdk -4 |1 T (43)

The first term in the right-<hand side of {(A3) leads after sim-
T &
ple integration to the Tsai's result Sf @, The difference

Tsa: of
'51 - 5.,« e = 2 I is defined by the integral

]':‘f'jm(gl) (1—1/;?;‘)0{? (a4)

Making the substitution lkl=A2 ana replacing @, /» for im-
finity (due to fast convergence of integral: da/ad ) we get af-

ter 2 -~integration

/ o®
I:J%(ft’u)a&, affié-' ’

. SR LS S ;
W“”:(Tr-—?j)&fz Vica M i
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When the limit -31 .3-,'.»!:"1'L ig considered we have

Efﬁ’ p 2 xif-x){1-co58) :
P T w0 0T Taigfe « (-]

From symmetry (A4) under the exchange PH/D' or.e can deduce
that the expansion of I on powers of small parameters
{‘f'f;)/(f"f;) = M2 contains only even powers of this parameter,

80

4 [}
= (800 yr s O(2:)> a, = 23(1-x)(1-coss)

x(1-x)
0

This result leads to
Tsai 24 ot 1
Sf"sf :.-——-Jfrﬂ)-l—f?(——-:l)

where J(."t?) was defined in (5).

APPENDIX 3.

We present here the exact result fnr M { (vector V= Q’KM .
..f 93

=T [s20@)0's, + 20'6095,]

S, = § (200 W'+ 497 gk) = 24N (pep )V
e efp2. 2kN)
{.zk""[(gﬁ*‘-’)gg‘*/if'f)i +E§ i T [ﬁW j :
ik‘ﬂ E'é‘ﬂ-t-imf

S!:- fl(ft-‘ffk)“i g{f’*f‘) + 9 (fﬁ+f);fl#f@9'+f)‘$§ “P kp

o

when M- trace Sf coincides with the corresponding trace

for scattering of electron on external field (see [?_], § 91).
2

Terms in Sf;i which are proportional to m were omitted in

(20) because they are of m’/f’ order compared to the first ones.

AFPENDIX 4.

For the rude estimation of RC one uses the so-called "peak
approximation" [5, '12J . In this approximation one takes into ac-
count the emission of photons only in small cones along the di-
rection of the initial and the scattered electrons and neglects
the interference between these cones, so the accuracy of this
approximation is logarithmic (the terms of f/f. order are neglec-

ted). The corresponding (21) cross section has the form
do = deit)dw, + do(t,)dw

where the first term corresponds to photon emission by initial

electron and the second one - to the scattered electron:

o cos(8/t)  Dft) + Clh)
Ao, () = 55 sin¥ 1072) I+ 2(z/M)sin*(012)

e yelsin (ﬂ"'.t) 21
2 = T e (Em)sintely)

"

o [2-2%4 X _ m{t-xa) d’k i
d% - ;[ Il kf' {klpl')l #Im 4 ) Eul'

and a'a; fl‘;) : d“"f can be obtained by replacement

»)
e S e e S B e
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The integration of this expression over the photon emigsion an-

gles up to 6~ 0 leads to

A& dE E-rG
du;,:f ;‘F}',‘W[(‘f”n*—-.ﬁ)i, —f-rr,,] ¥

dwi=;:r S [(f .x_,+1—x;)L gk f.:]J

il
£t 18
L) el ed), L ()

For the sna‘l:te_ring of electrons on spinless puclei it is ne-
$ .1
cegsary to replace .Bf'f)"‘fff) in dﬁ;ff) for X F ﬁ) whe re Fﬂ)

is form factor of nuclei.

APFENDIX 5.
We present here the asymptotical expressions for the integ-
rals J and 7;(32), (33) for m«saeM

12008)= -1 s In] S| et

J, ) = Jyfu) = EW:,‘) [z&|”"“f 5ﬂ~T ﬂh! }“‘
e

- ¥
The function gr_r,i) can be expressed in terms of i 5: which
can be obtaimed from J, J; by the change of V, —» 'v" in the

iﬂtﬂgm&. J st {J 9’ J @{IJ 12 slm.l‘ L ‘j‘;'q % g *
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