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Abstract

Tt is shown that Backlund transformatioms of the differem-
tial equatioms integrable by the inverse spectral tramsform
method form infinite sbeliam groups. Transformation properties
of the spectral parameter snd Backlund trensformations under
the group of symmetry are congidered. -



1. Backlund transformations play en important role in a
gtudy of nonlinear differential equations. By now = these
transformations were derived for a wide class of equations.
It wag clarified the relatioship between them snd the method
of inverse spectral tramsform (IST method). It was discussed
the conneetion between the tramsformation of spectral data
and the field quantities (see, e.gZ., refs. EI-TJ Jeo But the
question on group properties of Backlund transformation (BT)
ie 8till open.

In the present paper it 1s showmn that the BT of equatioms
integrable by IST methed form infinite groups which are temsor
product of the infinite-dimensional comtinuous abelian group
of continual (nomeoliton) BT sitd the infinite discrete abeli-
an group of soliton BT. The transformation properties of the
quantities appearing in the IST method (in particular, spec~
tral parameter) under the symmetry group of integrable equa-
tions are also discussed.

2. Let us considered differential equations integrable by
the followimg lineéar speotral problem:
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where 6 6} 6:'3' = Paull matriu:s,.ﬂ:/r) - ig two-

-e_ompanan{ fia'.fd quantity, &K is spectral paremeter. These
equations have a form Ei]
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Here F end )" are arbitrary functiome, and L= ./l(“- u)
where, intcg:fo-;differmtial operator A is equal te
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._.H . . - 4 o r’
L5649)= (s f1549); vie(]) va=(£)



BT ' 4> U for eq. (2) are given by the following rela-
tien [6]

(WM@@}J - (gm) -{(p)s3)u=0,

where jt (E)j g,(":') are arbitrary entire functions. Spect-
ral dates a(,'i'{g}l are transform under (4) as follows [6]

~ A 3 d
ocf‘t{k)-%*oéi[#)= 1) F (%) (i)
f(e) 2(k) :
The poles of quantities otfi{li) correspond to discrete eigen-
values of problem (1) (aulitnnu of eq. (2}) [6].

3. Arbitrary BT (5), in virtue of well known theorems,
can be represented in the form

(5)
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where €Xp (U(K) - is erbitrary function without poles

and zeros. Therefore, arbitrary BT (5) is a combination of BT
of two type:

oLE(1) = B LK) :L— Buo Bd)]iiﬁ’[i(“) (1)

where
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The mresiiann of BT (8) snd (9) in the terms of variab-
les ({ snd ({ cen be easlly founded from formulae (4) end
(5).

81 (7) with ‘%) = 1 1s BT which does not change the num-
ber of poles of a(i(xj . Let us call it continual BT. These
BT form as it follow from (7) and (8) the infinite dimemsio-
nal Iie group. The function (J (Z) is the tparameter® of irans-
formations: (W = 0 cnrruspznd to the idagl:ical transformation,
in virtue of relation .A[u U)= .A(u} u) function (- )
correspond to the inverse tf:annfomtim. Infinite-dimengional
group of continual BT can be congidered as an infinite parame-
tericel abelian. group. Indeed, let expand an arbitrary func-
tion (U (Z) in a Taylor series: W (¥) = # W 27 ’
( Lum are arbitrary numbers). Then arbitrary BT (8) can be re-
presented as the infinite product of the followlng transforma-
tionas
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U t)= exp[wm SEWA {L{,ﬂ)) Ulxt)
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where (m (-— o0 & Wh < bﬂ) are parameterg of the

transformations and /M takes the values 015250003 09, 1%

ia clear, that the tramsformations with diffe_rant At commu-
te esch with other, Under the infinitesimal transformation (10)

{10)
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have esmentially discrete character. Arbitrary BT of this type
can be represented in the form

(11)
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where 8’2—' = ( B,g,,) and E‘% is the follewing

BT



L) :27*9: (k- ,e'ﬂj'"fg{*/g)f (13)

In the variables ({ ang U BT (13) is given by rela-
tion (4) with D(-:A-f(ni-.f and g = A - o —1

(see also ref, [8] ). Let ue call BT BZ the elementary BT
(EBT). EBT BF commute esch with other and each of them add
one goliton to initial solution.

It is not difficult to satiafy that the number 4, in
BT 5% cannot be considered es the group parameter of the
EBT, It ig a ind'ﬁ numerating different (with different K )
EBT. So EBT { 51_? itself does not form a group. But if one
consider EBT 4 53;‘} together with the identical tramsforma-
tion E and all posgible by-product BT (i.e. BT (12) with all
possible (% A, and AL ) then the whole set of these BT
form a group., This infinite group of all soliton BT ig gbeli-

an and discrete,

Continusl and soliton BT commute each with other, There-
fore the total group B of BT of equations (2) is the tensor
product B= B® f%wnere B9 ig the infinite-dimensio-
nal continuous gbelian group of continual BT ang Erd} is the
infinite diauratje abelian group of soliten BT with a continual
set of EBT § B[, “ _

Under the reduction of the general gystem (2) i,e, if it
le exist mome relstion between / and the group of BT is
reduced, So, if < Cﬂﬁjt{-? [1, then A=A, , (Wi(-2) =
= -{t)(z) end &*:-k’ﬂ": ¥o « EBT ig the following transfor-

mation
! {

ga 5 3__3*'53 (14)
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In the case /= w;f_f/;?* we have /V__ ::/14 3 LU*{Z *)-.-:

SR = e i

and EBT is

1
J
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Well known solitom BT for gine-gordon (8G) equation, mo-

dified Korteweg-de-Vries ( mKav ) equation and nonlinear
Shroedinger (NLS) equations have the form (14), (15) EJJ.

Note that for BT (14)
i .
ggo — 5...;20 (16)

and for BT (15)

~Jd
BMD = B‘{gﬁ' (17)

4. Let consider now transformation properties of sgpeetral
parameter K and quantities (/ under the tranefermation of
the symmetry group of eqns (2). We restricted here with the
case of two independent variables X 3 { ) and functione c}’
of the form nunath « In particular, for # = - 1 we have
5-G eq., for 7 = 2, - NL S eqs and for ff = 3 - KaV and
mKdV eqs, [1]1-

It iem't difficult to gee that this type of egs. are inva-
riant under the translations alone X and £ end transforms-

X=XEAX, Lot = XE US> Ul )= Xt ) | s

Linear spectral problem (1) is invarient{ under the space-
~time translations with ¥ and ¥ remain unchanged, Por inva-
rience (1) under the trensformations (18) the following transg-
formation properties must be satisfied

K> K=5%, xie)s WK & k)= b i)

Spectral data o.{i'[kj ig invariant under transformation
(18} tc}O-

For the concrete reductions the eqs. (2) can posses more



wide symmetry group. For example, NLS edq. (X =2 r“.-.—t?*}
as kmown is imvariant alseo under the Galilei transformations

[V): 9ixb-= g fx-vt L)= exp(- f;‘g} ’;"jﬁ) 9%, %)

f
and gauge transformailons ?(’JE; {)—‘& ? [ X, ;) =
= @XP Lol - a(x, é) . Spectral problem (1) is invariant under
these transformations if under the Galilei tranaformations

Wi yse)=opE S ),
Kék:f%) (20)

(x4 >l Li)=exp - 25Nl L k),

and under the gauge transformations

Wbt Y= explE) Yul% e,
M*’K‘-"—-K} : (21)

G (L)t D=exp-E) (5 1)

Kdv eq. (n = 3, »~ = =1) together with transformations
(18) is alse inveriant under Galilei transformations

/
?(55,'9-39’ {Jf-v:j{j-a..-.— q[)i 1})-{-—% . The corresponding linear
problem (1) is inveriant under these transformations if

g
Ko U=k, A
5 i" i e
W E)>W (xit )=Y (55 1)
Por linear problems, which correspond to snother classes
of the integrable eqs., the spectral parsmeter ae a rule trans-
form in montrivial way too EID]. Pransformation properties of

the spectral parsmeier guarantee the right trameformation lawe
for dependent variables (for soliton solutions).

5, BT for eqe (2) possee monirivial trensformation proper-
ties under the symmetry group toe. Using (4), (5), (13) one

W}t 0 )= lb B+ (k- 1?3%”{ )ﬁ(ggx),

can to show that for EBT (14) end (15) is valid the following

Aﬁ‘) gzo A(}‘) = Bxi& (23)

where A(J\) is the trensformation (18). For SG eq. the analo-
gous relation is known for a long time (see Tor example EI1] Ja

Por KdV and NLS eqs, we alsgo have
=k
F(V) 5,{@ [ (V) = 5(,’ (24)

where F [ V) ig Galllei transformation and L’; is given by
formulge (20) and (22).

In virtue of (23) an arbitrary BBT 5;{& can be represen-
ted in the form

qu 0 -A.i(Kﬂ) Bi A(L’ﬂ) ‘ (25)

For NLS eq. EBT [),. can be expressed in virtue to (23) and
(24) from the ET B, and transformation (18) or Galilei
transformation.

The relation of the type (23), (24) take place in the ge-
neral case too. Namely, if G is the symmetry group of the in-
tegrable eg. snd [, is EBT for this eq. then

i
G B!ca G o 5;40’-—{;& » el

The validity of the relation (26) follew from the obvious
diagram

U bie }Z?
G G
7 Y }i’z’f

- =
Anglogous result for NLS eq. was obtained by Dr. H. Steudel EEJ
9



In the conclusion note the following. Por EBT (14) from
formulae (16) and (23) we have

5;;= A(‘i) B.. A(‘-’Q $ (21

Transformation _ZLE#;) is discrete one. This transformation
map component of connection jiffﬁk:>c$ of group of transfor-
mation (18) on the componment /(i< 0) and conversely. For
8G eq. A(—i) "-'-'Ix{ ( Ig{- ie the reflection of coordina-
tes X end ¢ ), for mkKav A(-i)= I,; « Thersfore the
transformatione I of discrete symmetries of the eqs. (2) trans-
form the operators of creation and annihilation of solitons

-d

one to other
By,= 1 Bu L.

The complex group (18) (group of the transformations (18)
with the complex )\ ) contain /\* ana /| and it is simple
connected. ﬂejttinumm tranasformations of thie group connect

Bgo and B; each with other. Tramsformationsof the complex
group (18) act transitively on the complex plame of the spect-
ral persmeter X and as & result one can identify the mpect-
ral parameter & with the group parameterof these transfor-
mationas.

The snther is grateful Dr. H.Steudel for the possibility
to familiarise oneself with the paper EI?] befeore the publica-
tion.
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