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Abstract

Within the framework of the perturbation
theory the theorem pointed out by Bjorken,Johnson
and Low which connects T-products and equal-time
commatators is considered, In the cases when the
matrix elements of T-product and that of equal-
time commutator are finite this theorem is always
true, However, the equal-time commutators 4o not
coincide, generally speaking, with "maive" ones
and depend upon the type of interaction.

In the paper it is shown on simple examples
that the equal-~-time commutation relations of field
operators remain canonical, The other equal~time
commutators may be, in principle, calculated with
the help of canonical commutation relations if
taking into account the singular character of the
products of the field operators at coinciding
points,

It is shown alsc that in some cases the
using of the Feynman rules for the calculation of
T=products leads to a wrong result, that is con-
nected with the inapplieability of Wick theorem
for formally divergent diagrams.




1. Introduction

Bjdrk&n/l/ and Johnson and Lowfg/ showed that
the asymptotics of the matrix element of the chrono-
logical product of two operators |
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at P-» @0 and the fixed P is determined by the
equal-~time commutator of these operators. Indeed,
integrating in (1) by parts we obtain
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It follows from here that, firstly, value'Tiin the
considered limit decreases and, secondly, that

Yo BT = §dx e’ "Soxa 8] [ Acw, Bor]|ay (3

The %ﬁf%%%m of Bjorken, Johnson and Low (BJL) gives,
-at first sight, the convenient way of finding asym-
ptotics of amplitudes, since a priori it may be -
expected that the equal-time commutators do not
depend upon the type of strong interactions,

In some works/5"5/ relation (3) was checked
in the limits of the perturbation theory ir various
field models of strong interactidn; It was shnwn/B/,
in particular, that for the validity of BJL theoren
it is necessary that the matrix elements of T-product




as well as that of commutator were finite, It is
easy to understand that this criterion is also suf-
ficient one. | s

However, in the case of finiteness of all
quantities it is occured that the equal-time com-
mutator in (3) does not coincide, generally speak-
ing, with "naive" one, that is, with one calculated
by formal application of canonical commutation re-
lations., Non-coincidence of asymptotics of T-product
with the matrix element of "naive" commutator was
considered in works/4'5/ as the failure of BJL
theorem, though, strictly speaking, relation (3)
does not fail and the problem lies in the distinc-
tion of the commutator from "naive" one., The reason
of this distinction lies in the singular character
of operators f| and B which are the products of
field operators in coinciding points, As the clas-
sical example of such a kind serves the commutator
of the components of vector current of fermionms,
that does not coincide with '"maive" one as was
shown by Schwinger/B/.

In the work of Jackiw and Preparata/4/ the
asymptotics of fermion propagatof is considered
- which is determined by vacuumwmatrix element of
anticommutator S(K.)(ol{ Y(x), "?(O)gl D> es. it
follows from BJL theorem., In the model of strong
interactions mediating by a neutral vector meson

this propagator in the second order in a coupling
constant is finite in Landau gauge. ﬁowe?er, its
asymptotics appears to be different from that pre-
dicted by relation (3) and canonical commutators,
In this case it is impossible to explain the aris-
ing contradiction by the singular character of
operators entering commutator., Moreover, the fai-
lure of canonical commutation relations suggested
by authors/#/ would question the logical consis-
tency of the field theory. In addition it would
deprive us of the possibility to calculate direct-
ly other equal-time commutators,

In the next section it will be shown that
the reason of the mentioned contradiction is the
incorrect calculation of T-product. The use of
the Feynman rules for the determination of Green
function leads to incorrect result, that is con-
nected with the inapplicability'of Wick theorem
in the case of formally divergent diagrams (even
if the result is finite).,

T.et us note that inapplicability of the
Feynman rules for a calculation of some T-product
results only in distinction of renormalization
constants and, therefore, does not change the
value of amplitude of physical processes,

In the third section the examples of com=
mutators which do not coincide with "naive“ones
are considered, It is shown that after taking




into account the singular character of the pro-
ducts of field operators the using of canonical
commutation relations leads to the results agree-
ing with theorem (3). |

2. The asymptotics of mass operator of fermion
and the canonical commutation relations

Let us consider the asymptotics of fermion
Green function

: tpX — ;
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in the second order of the perturbation theory in
the model of strong interactions mediated by
neutral vector meson with mass o« The fermion
field is supposed to be zero-mass throughout the
paper.,

Since in the second order of the perturba=-
tion theory Green function ((p) is finite in
Landau gauge, then, according to the criterion
mentioned, one may expect that because of BJL
theorem
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In the last equation canonical commutation rela-
tion is used
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On the other hand

G‘(P):: ﬁ-—i(?) ] (7)

where in the second order in the coupling constant
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In eq.(8) fermion current f}(;{): ﬁ(x}ﬁl/(x) where field
operators ﬂ(x))(th) are the operators of free
fields, By means of Wick theorem eq.(8) is reduced
to the following one

itp)'“(“)bfd“aﬂ" _,uii)k‘ s { X (9).

that meets conventional Feynman dlagram for the mass
operator of fermion,

Calculating after Feynman parametrization the
integral over E and changing the variable in in-

tegral over Feynman parameter we obtain after some
transformatians
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At P,-.. o the first term in this expression for
decreases so that

Thus, for Green's function we obtain/ 4/
3 =3
&m PG(p} L ﬁi,-;)_ (12)

in contradlctlon to eq.(5). Since as stated in the
introduction we assert that the asymptotics of T-
product is determined by equal-time anticommutator
of Permi~field operators we should assume that’*/

g(x*)@]{‘i’(x)ﬁ(o)ﬁ\o) =Y. (1 3”,)3 (x) (13)

in contradiction to canonical relation (6).

The reason of this contradiction lies in in-
correct calculation of i(w . Indeed, mass operatar
%2 (p) which is expressed through T-product of
operators ﬂ and is finite in our case must de-
crease* at Pw oo , Meanwhile, it is-seen from
eq.(11) that is not the case,

* Though matrix element S(X.) <ol{j(x) 'J(U)HD>

diverges logarlthmlcally in the considered case
the mentioned property of T-product retains, L

Thus, the failure of BJL theorem had occured
already in calculation of S [ p) o Moreover, the
calculation of 2 _(p) is ambiguous. Really, though
2 _(p) is a finite quantity in Landau gauge the in-
tegral over momentum in eq,(9) formally diverges
linearly., Therefore, making, for example, the shift
of integration variable [3—:» P-rf we obtain the
equation

| L a " |
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: R+ E
differing from (10) by polznome. Now 2 ()= 0 and
there is no contradictions to the canonical anti-
commutator (6).

Let us show that the correct aquation for
i_(p) coincides 'with (14). Really, according to
the definition of T-product used in the proof of
BJL theorem, it is necessary to calculate, firstly,
the products of operators and then to take into ac-

count 9 ~functions, In our case it giveu
=+
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and we used Fourier-representation of step-function

v (Thx
6(x,)= Q(hx)-
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is a unit time-like veetor , Ny =(1,0 003)

’5’( (x), & {ﬂ y (X) 18 positive- and negative-frequency

parts of invariant commubation functions of fermion

and boson fields,

Integral (16) converges and is defined unambi-
guously. As a matter of fact, it coincides with an
imaginary part of a mass operator so that (15) gives
the speetra}{repreaent%ion for i(‘:). After calcu-
lation of 3~ (p,T) changing a variable in integral
over parameter 4 by simple way we come to the re-
sult coinciding with (14).

The above consideration shows that the appli-
cation of Wick theorem to a formally’divergant
disgram leads to the incorrect result, The point is
that the equations of the type of Q(X.H 9{—)(.): ,f

&(X.,) 9(-)\',):.- 0 which are used when proving this
theorem occur to be invalid if they are integrated
with function singular at X,=0.

3. "Non-naive" commutators and canonical commutation
relations

In this section the examples of “non-naive"
commutators are considered: g(x.)[l{)()() J!“ (o)] and

S[X,) [ j(X) r(o}] in the model of strong interac-
tians used above. It is shown that under accurate
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treatment of the singular products of the field
operators these commutators may be, in principle,
calculated with the help of canonical commutation
relations, ; |

Commutator %(Xu)[LV(X), ar{aj] determines the
asymptotics of amplitude .

F;.(PJ_‘-'-*‘? Jdx eiPZolT‘-P(x)jr(o)l p=o) (18

at P, —» o°* , To simplify the calculation we set
the four-momentum of initial fermion to be equal
to zero. '

We find the commutatoms of interest calculat-
ing the quantity F (p) « As it was noted the
using of the Feynm rules for the calculation of
T-products leads,generally speaking, to the in-
correct result, Therefore, we shall operate in the
same way as in the calculation of le(P) (see
eq.(15) and (16)), that is, rapreaent-l’

" (p) as
{ dﬂr * = '
F(p)= 51 S [F;,cp+nfa)+ (0] a9

where
F}(p)-— SO{X-G (.:[ky(x)}r(ujjp o) (20)
(PJ-—dee‘Px

°l),.(0)“l’(x)lp 0)
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+
Quantities F;‘ (F) determining the imaginary Paxrt
are calculated inserting the complete set of inter-
mediate states between operators 9) anquﬁ « For
example, in the calculation of value [ W up to
the second order in a the states with one fermion
and with fermion and boson are essential®*, The
contribution of two-~partcile intermediate state is
calculated unambiguously. One-particle state gives

NS(Pz)Q(R)Z_(oIV(u)lP><pl jr(o)tp&'-.-.-.o> Lo 2L

Spin
Here matrix elemeg;ts are described by the diagrams

with loops and, therefore, demand definition. In
particular, quantity £o|Y(0)|p? is determined by
the mass operator of fermion and, as it follows
from the results of previous section, is equal to

) 2
Lol W) [py = Z = (1 *‘3%.9{:)5:(. | (22)

Matrix element < p| jr(o”p;_. p) may be found from
the vector current conservation leading to non-L
renormalization of this matrix element at (p..p'):o

Glipap- =Ty upig @

As a result, we obtain the next expression for gfp)

* We do not take into account the contribution of
diagram of vacuum polarization, It is absent if ome
considers isovector current in the theory in which
fermions with isospin 1/2 interact with isoscalar
vector meson,

12

the equatio
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(24-26) We obtain ajsg
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The calculation of Tf‘ (P) by the Feynman rules
does not give a non-covariant® gsecond term resulting
in the incorrect behaviour of 1;, ( p) at ﬁ-—rao .

With the help of BJL theorem we obtain from

£27) pX ‘ 3 Py
Sf,{xe S‘(xs(ﬂl[’i(ﬂ;)a(”’“ [ ">= . 135-,-,-3 PYW (28)
ipx s N o
faxe o loll Yo jollpsay = By,

Now let us show how to obtain commutators
(26,28,29) by means of canonical commutation rela-
tions, Their formal application leads to value
Z%'X. 3”_' ({ for commutator (26) amd To zero re-
sult in the case of commutators (28,29). Thus, only
comrmutator 5\ (X.)[LV( X) J‘(o)] coincides with
"naive" omne,

Such calculation is incorrect, however,
since we deal with the singular products of the
field operators in coinciding points. Commutator
(28) may serve as an example to show how this
circumstance is displayed, With the help of cano-
niecal commutation relations (6) we have

& (%) olL 300, §o (2] p'=0) =

= 80 @ fx) e p'=0) = §(n [inu 7
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If in matrix element i ;
n 0 ({‘ P'
put X = ¢ taking into< (R(UJH (O){ 0y

cbtgin matrix element
between vacuum
%g equal to zero,

A0V (o) has s

. we
8ccount factor $%y ) one may
A

and one-particie state which
But, the operatopst product
...-p

- >
In the limit X—>0 [(x/~¥x/3*
explicit form of the

tYor it is cop
venient to passg iy
mentu“'raprEBEHtatian. If the iniizia:: g
on

o
to function S’( X ) o

is

‘px
jo(x é c?(X.)<o[[ ,’}(x;,j,(o)]/p:.-

of fermion source A(0)= ﬂ(v}'(P(a)




guccession of calculations corresponds to taking
firstth:r;;;; methnd ig similar to the Schwinger
procedure of definition of the operator Prud:zZ?i
but it does not demand the introduction of th;t
tional spatial-like vector £ o 1t 18 clear /?/
guch method gives the possibilitvy to calculatz :
Schwinger commubator of the components of wvecto
current density without introduction of ¢ »

As to the commutator 8(}(.)4;;[“‘)(,);sntn)]lru;_p)

in its ealaulatién, in contrast to the above case,

there occur no additional aingularities‘and the
remains "naive”.
commntiz?:ha calculation of commutators EVFXland
")(x) with spatial components of cur?ent Jm 1P is
ne to take into account explieit dependence
e tor fielﬂfﬁ’af.
of  )w upon the operat?,{;fof a vec e
As it is shown in work the correspondlng ad _
tions to the current density and hamiltonian are
expressed in jnteraction representation thrzégzﬁr_
repeated commutators of the components of the FoiE
rent density of pon-interacting fields, All arlal
equal-time commutators may be calculated bih?au
pothod, but the using of ¢ -functions of e
spatial variables must be postponed O the ©
caleculations, as it was done earlier, The rather

tedious transformations connected with the necessi~-
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ty of the definition of arising ambiquities lead
to the result coinciding with (26) and (29).

" Note, that in the case of time component of
the current dengity which is a generator of a

gauge group the dependence upon a vector field is
absent,
Iet us take notice of the analogy between
the considered commutator S[X,) (ol['j(x)jjﬁ(oj]ly'_;_ 0)
and the commutator of components of the vector
current density 8(}() <°l[jh.(”, J_(,ﬂf@ . Their
non-zero value is due to the Schwinger terms which

disappear after integrating over spatial variables.
The presence of thexterms leads to the appearance
of "nomn-naive"™ additions in commutators

S0 G900 @] (120 aned $0x) G0l i, 0]
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The results of the calculations carried out
in this article show that BJL theorem in the per-

turbation theory does not fail if neither T-pro-
duct nor corresponding commutator have divergences,

The considered examples show that the Feyn-
man rules even for diagrams with well-defined, that
is non-containing loops, imaginary part give for
T-product the result which is true only up to po-
linome in momentum., It is connected with the fai-
lure of Wick's theorem in the case of formally
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divergent diagrans. Tn these cases the correct
result decreasing in the 1limit of F, —» o2 is ob-
tained asutomatically if one acts according to the
definition of the chrunolagical product.

When an imeginary part contains loops the
question arises about the determination of the
amplitudes due to these loopsS. In the example
econsidered in the second section of this article
guch amplitude is :(?) coinciding with the matrix
element of T-product of fermion sources and thus
defined unambiguously by the condition of decreas-
ing at o= o2 o -

But such situation is not gemeral, For exam=
ple, while considering creen function of a vector
field in the second order, there arises the neces=
gity of definition of the polarizatiom operator
which as it is known does not coincide with the
vacuum matrix element of T-product of currents.
Analogously matrix element 4?'3;‘(")' F') which

~ is necessary for calculation of F, is not re-
presented 8s ahrano}agical product
-ig (e P* Gl T 900 Ju (0] P

The above consideration allows, in particular,
to eliminate the stated in work’?/ contradiction
between BJL theorem and canonical commutation Te=
jations. The equal-time commutators of more com=
plex operators may be caleulated, in principle,
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with the help of these relations. Imn these calcu-
lation it is necessary to take into account the

‘singular character of the products of field opera-

tors and the explicit dependence of current upom
vector field caused by this circumstance, Such
equal=time commutators occur to be depan;ent upon
the interaction and their calculation is geneial-
1; speaking, a problem not less campliea;ed as
that of finding of asymptotics of corresponding

TP-products,

In conclusion the authors thank to I.B.Khrip-
lovich for the useful discussions, :
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