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Abstract
Low energy theorems are obtained for cross-sec-

tions of pion electroproduction on nucleons in the
limit of zero relative momentum of pion and final

- nucleon and for arbitrary values of the square of

virtual photon momentum 4° , and also for reaction
TN—=Nefe™ for the case of s8low pions. When deriv-
ing the low energy theorems we use the PCAC hypothesis
and expansion of the amplitude in those 4-momenta
which are much small than some internal mass. As com-
pared with the known calculations the subsequent terms
of expansion are taken into account.

The cross-sections are expressed via nucleon
electromagnetic and axial formfactors, radius of the
pion electromagnetic formfactor and threshold photo-
production cross-section. The accuracy of results
which depends on a range of 42 considered and +the
possibility of determination of the pion radius from
experimental data are discussed.



1. Introduction

In this paper we shall derive low-energy theo-
rems for the threshold amplitude of electroproductic
of a pion on a nucleon. The derivation of the theorems
is based on two main assumptions., The first one is the
hypothesis of a partial conservation of axial current
and the second assumption is the conjectured smallness
of the pion mass At as compared with some intermal
S8 My 1o _

The theorems allow to calculate the cross sec-
tion of electropion production in the limit of venish-
ing relative 3-momentum of final nucleon and pion.
This kinematic constrain does not fix the magnitude of
the electron momentum transfer squared, k2= -, and t+
ranges from zero to infinity. The accuracy of the re-
sults obtained depends however crucially on t. For
This reason we shall distinguish three possible ranges
of variation of +, namely, tzam?nt, <t <= mfn:b‘ and
t =4, The internal mass m; . 18 not known exactly,
of course, and its magnitude depends on a particular
mechanism of the reaction. For practical purposes

Wer, may be seemingly thought to be of order (0.3-1.0)

(GeV),

The cross section of neutral pion production at
any t coincides with that calculated in Born approxima=
tion with pseudovector 7AW -coupling and is ralated
in this way to the well known electromagnetic form-
factors of nucleon. The order of neglected terms are
estimated for different ranges of t.

The cross section of charged pion production
for large Z , t =Wy . apart from electromagnetic
form factors depends also on the axial-vector form
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factor of nucleon, g(kz). Phis dependence allows for
determination of g(k2) through the measurement of
electroproduction Cross section. At this region -of
variable +t our results coincide in essential with
the results of a recent paper /1/ which came to our
attention after completion of the present work. The
accuracy of results obtained for large t is of order
- Qf'fﬁ&/mint'

For values of t satisfying inequalitieg/dhtcaménx
the accuracy of the predictions of the cross sections
of charged pion production improvee. The neglected
terms are of order of ,u“/mint or /zt/mgnt in the
transversal part of the cross section and of order of

24 or pt/mg . in the longitudinal part of the cross
section. Since the parameter of the expansion of tThe
amplitude, /my ., is not very small in fact the ac-
count of terms of the next order iﬂp/&fmint is quite
essential to our mind. '

At the region t<<mS . two additional para -
meters enter our final expression for the longitudinal
cross section of & charged pion production. One of
these parameters 1s immediately related to the photo-
production cross section and its value may be extract-
ed from the existing experimental data. The longitudin=-
al cross section depends also on the pion electromagnet~
jc radius. Therefore & measurement of the longitudinal
cross section would allow for determination of pion
radius., It should be kept in mind however thav for I

the longitudinal part of cross section is predicted
to be small as compared with the transversal one. Their
ratio is of order of «2/Z and becomes of order of
unity only for t ~ «*, At such values of ¥ it is suf-
ficient to measure the total cross section to determine
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the pion radius,

For values of t comparable with > it is pos-
sible to take into account the terms of order of /a‘zfmgnt,
Therefore, an expected violation of the relations
sbtained for t ~&* does not exceed several per cemts.
Due to the high accuracy of theoretical predictions
their comparison with corresponding experimental data
tould serve as a crucial test of the basic assumptions
involved in the derivation of the low-energy theorems.

Our results at t < 4% are also applied to the
calculation of the cross section of capture of a pion
at rest with production of electron-positron pair

77‘_+,b——r.7z+£*+£“ '(i)

It will be shown that the cross section of this reac-
tion is rather sensitive to the magnitude of the
plon . radius and the latter may be consistently de-
termined through measurement of the cross section of
reaction. (1). |

Let us notice that some experimental efforts
have been made to determine the pion radius in this
way /2/. The Born approximation with pseudoscalar Z/#/-
coupling /3/ was used however to £ind the dependence
of the cross Section,on the pion radius. Our result
for the cross section of reaction.(l)'diffars from
~this approximation. A a
' Electroproduction of pions within the PCAC hypo-
Thesis has been studied by many authors /4-11/. In
particularly we use the predictions for form factors
which are obtained in paper /5/. Further more as was.
already mentioned above our results at t'gpmfnt
coincide with the results of a recent paper /1/.



L ———

Farlier a similar approach to calculate the electro-
production cross section was used in paper /9/. How-
ever, the final result of this work is to our mind
erroneous (for further comments see discussion after
eq.(15) ). |
.~ OQur main purpose in this paper is to discuss

expected accuracy of the theoretical predictions and
to c¢larify a related topic on the possibility of de-
termining the pion radius through neasurement of
electroproduction cross section or Cross section of
reaction (1). New predictions for the Cross section
will be also obtained. For values of variable U sa-
tisfying condition.t-dﬁmgnt all the terms of order of
S /my o 80d larger will be kept. For extremely
small t, t <> terms of order of e/mZemr Will be
also evaluated. We shall not accept any new assump-
tions gb £ind corrections of order of Jpa/mint or

4 /ul_ .. Therefore the predictions obtained are

not based on any particular model and their check

could serve as a crucial test of the PCAC hypothesis,

2, Low-—energy theorems for threshold amplitudes of

electroproduction of a pion on & nucleon.

Tn this section we shall outline the deriva-
tion of low-energy theorems for amplitudes of electro-

production of a "soft" pion with 4-momentum g of

order /. . A more detailed description of a similar
derivation may be found, e.g., in the paper by Adler
and Dothan /8/ or in a review article /12/. If apart
fromg the momentum of the virtudl photon is also
considered to be small the consequences from the
crossing symmetry of the amplitude will be essential-
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ly used, Let us consider first the raa;c‘bio:n (2)

£+/0(/q,) — 2 72()9)1‘-;';'“*{'2) e

11{*31& amplitude of this reaction M has the following
form | |

M= 225y

M, = — <'7?/"."?‘Z/j,£?)//b.> (3)

where 2, ?f are the spinors describing the initial

and final leptons respectively, ﬂ (0) is the operatct
of the hadronic electromagnetic current.

It is convenient to represent /M, as a sum of
- three terms

/aat'c
M= a1

pote ' (4}
where /‘Z; is the contribution of the nucleons''

and plon s pole graphs, A///y is defined so that
(K (M *A/V )=0, and M":.s by itself divergenless
(A is 'i:he momentum of virtual quantum).

ce
For M, e A /M, we have the following

~ expressions
T o -7 4 /ﬁg o G;-f{m 2/ +
e dﬁ“’f)/‘ e (5)
Ay == VZ @{“ﬁﬁ ~Z ) G, § it



gy

where /,, 4, are the spinors describing the inivial
and final nucleons, /# is the 7/ pseudovector coupl-
ing constant, £=g,/2m=1.0l ¢« “ and we have introduced
notations /, “: /}”; /j’ayfor electromagnetic vertices of
proton, neutron pion, respectively

G0 p £ s ot £ Y
/; ?If": (/Zf _.‘t/)ﬁ 2 C};’),A’-z_ ﬁé’,)@f~ij 6"29 (7)

4 — :
where A4/, (k2), 67 (k%) are form factors. The quanti-

»

ty which appears in formula (6) is related to F3'" by
equation |
Y ) SO ¢
&, =

A-.Z

Let us notice that the pion electromagnetic vertex
is often put in a slightly different form /;;‘ 7

R7=Cg-ep Gy

_ Fotie: (8)
Form factor / (k) is easily seen to be equal to 7

¢ 26T, L
The remaining part of the amplitude, /%) , may be
expanded in the following form /13/

& ,
/Z,A=*£ U2 s il &;0 7

b c 4 L . (9)
where
z _
Gy = o 55 5 Z
2 Z A A

I

5 = B G Y P pd ) C ), o=t



g = d-}[/j z8 -~ £/, %= -7

Oy =~ ¢ Sy oo 55, 2, =*2
széﬂ(é—fjﬁ[@@fz)”ﬁfzjj ;j_:_.z
G= Jo LK ~pin oz

and form fac‘gors V; are the functions of y = (k+q,

Py+Pp)/4m, k= and 3]_:0/%. Hu#;ers 2 %_x}”dicgl;_; the parity

of form factors Vv, 7, V; = and (V; + V;7) undgr gha
crossing transformation Y —»>-y , kq > kq, k"> k",

| while the parity of form factor (?{r‘ = f Ay is

! equal to (- /.

g Up fo now we have exploited only the tramsver-

5 sality condition 43 A7,=¢ . Conservation of axial
current in the limit of & =0 gives the following
relation

T s LTogn Kes
#) = e pbI G pg - E g4
v A it (10)
where g(kz) is axial form factor of nucleon and
constant ¢ is equal to f l/'?/gﬁ, ga=g(k2=0). Eq.(10)
results in the following constraints on form factors

V1,6
Y e

2

y:kfj,a = J

= s L
MZ:‘?V‘M T A 1)

80 that for the matrix element ./'4 we get finally




= (12)

where a;, bl 69 cl g are the functions of ¥, kq, t.
Faectors 5/(3% P e Jfg_;’,.- *¥A9<ys ) arise because of the
condition of vanishing at gq=0 of form factor ?I and
of the sum Vg +g;" AABGEE) = gy)e

_ Formula (12) is a basic one to calaulate the
cross section, The r.h.s. of eq.(1l2) contains some
unknown terms proportional to CZ¢L‘Definite predic-
Tions for the cross section arise if these terms are
neglected. The foundation for such neglegence is the
appearance of factors q or #°which result in the sup-
pression of the corresponding contributions to the
cross section by factard}z/nint or 41M%n§nt* Up %o the
very end of the calculation we shall keep all-the
contributions to the amplitude to make explicit depend-

ence of the neglected terms on variable t. As was
already mentioned in the introduction at different
ranges of variable t it proves to be possible to keep
terms of different order in wﬂp/mint'

It is worth noticing that proportionality of
some term ta/;a may not lead to suppression of its
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contribution to the cross section if the internal mass
is itself of order M o For this reason one should |
consider separately the contribution of isobar N* (1236 ),
When calculating the threshold cross section this ¢on-
tribution may be disregarded however., Indeed, the s -
channel resonant contribution isobar N*(1236) goes to
zero for ¢ O because of the p-wave nature of the re-
sonance, As for the contribubtion of the graph with
N*(1236) in the u-channel it does not vanish at q =

but turns out to be extremely small numerically.
Therefore the contribution of N*(1236) may be‘neglectad
and hereafter we accept that factor _4/m; . results in
a real smallness of the corresponding term.

Let us formulate now the results for amplitudes
of other possible reactions of electroproduction of
plone. To obtain the matrix element of the reaction
&7 €L/  one should make in eq., (12) the following
replacements: FP -*( Fn 2): —P{ .‘E'I 2), Ph=rF — ¥/ ot
0)‘ £ 6"; the total sign of the amplitude should
be also changed.

For the matrix element of F'a-mesen production
on proton one gets the following expression

M;/fjf’""cfy"f/"“‘/”/j-’ S g ;/7’97‘/7/’;;”?;%_*

/&/a-f A'fc} +c3¢z_27‘—03yfv‘ﬁ 7+ 0 yf-f
yzf’](( (15)_

—

where form factors é:—, é s & are the functions of

Y ,&7, Z and eq.(1l3) satisfies the requirements
of the crossing symmetry of the amplitude. Proporti-
onality of some terms to » plays an important role
at small values of k.
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The amplitude of 7 =meson production on neutron
may be obtained from eq.(13) by replacing /j by /;”
and introducing some new independent functions &, ii’
Ei‘ As for the structure of terms proportional to
it remains the same as in eq.(13). , |

If the terms proportional to Q,c are neglected
as in the case when calcﬁlating the cross section then
the amplitude of 7Z°-meson production coincides with
the Born approximation with PS~PV #/MV-coupling. The
amplitude of charged pion production differs from the
corresponding Born term. :

5. Threshold cross-section of a charged pion production.

The cross-section may be represented as usually
as a sum of two terms corresponding to interaction of
transversally and longitudinally polarized quanta

L a6 ke ot SR v g
/?/ a/‘:?‘?/@(- / 5277 & ?7?/9:72-&2?”@"':)‘“5"

5] S i D M s, S]]

= _, :
Rl ot S L o A Ml
(‘;ﬁ%) BE 4 @"Gz)z“f‘zk (&": “'5;3)2

where €¢, &, , & are the energies of the initial and
final electrons and the scattering angle measured in
the lab.system, d is the pion's 3-momentum in the c.m.
system of final hadrons, t= -k2= “4s, €, :L.:,'wzg

A 2 2
//’77'/_ e ) VA AT (153
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the z-axis being directed along the momentum of the
virtual photon and mg X, 2 are the components of M,
in the ¢.m. system of final hadrons,

We have introduced in eq.(16) the quantity U
instead of M, for the following reason. The zerath
component of vector k at threshold is equal %o

A 22
A s < 17)
and goes to zero at t,=0,28 (Ga?}c)a.ISimultaneausly
- goes to zero the matrix element M, so that the long-
itudinal matrix element ML which is proportional +o
M /kg remains a smooth function in the vicinity of t-
0,28 (GeV/c) . But if the longitudinal matrix element
is expressed in terms of M, The latter should be calcu-
lated with a special care to avoid a mistake. In paper
/9/ the longitudinal cross section was expressed in
terms of M,. The pion mass AL was neglected however
when calculatlng M, but it was not neglected in the
~caleulation of k . For this reason the final results
of this work are incorrect to our mind even by order
of magnitude for values of t close to 0.3 (Gevfa)a.
There are some other inconsistencies between our
results and those of paper /9/ but we shall not dis-—
c¢uss this point here, '
Let us presen’s now i:he final results for / /
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= ;éf— 7" 0/;:(2;#*;/) ”?wr)}

(18)

where Gmﬁ is the Sachs magnetic form factar of neutroxn

(:vﬁf(ﬁﬁffz); “ﬁ”) indicates the order of magni-

tude of the neglected contributions.

Eq.(18) is valid for all possible values of ©.

It is seen that for ¢+ aamgnt the accuracy of the calcu-
lation of the cross section is of order 4&/my .. For
such values of t the term.—nﬁﬁiL is of order of the
neglected contributions and should be omitted for this
reason,

For smaller values of t tcéfmint, the accuracy
of the calculation of //./ improves and terms of order
A /m may be consistently kept. For extremely small
t, © g%/?, it turns out to be possible to take Iinto
account terms of order J“F?mlnt‘ All the terms of this
order undetermined theoreétically may be expressed pheno-
menologically through the photoproduction ¢ross section.
Omitting the details of the derivation we give only the
final result for t gg/wa

//2/7'/ //:4/ /2 -2 z(- “’Z'Q”j;;f “Sm? /ﬁ y/”,,z))
(19)

7, 5
where ¥ is the anomalous magnetic moment of neutron
and
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Expected accuracy of eq.(l9) is not worse than several

percents,
The cross section of interaction of longitudinal-

2
ly polarized quanta is determined by 4%/ where for
/4 “we have

P 2, G o
[ty "= I3 (A f){- 22+ 5re) 7

/'ﬁ(???fjf“) /} /ﬁ;_ﬂﬁ(%‘z;)(z({.’(/.ﬁ__)/*

E(Ezv;ﬁyﬁ?wZ“

7L/‘([;21£22;£}1# yézﬂté?fngfﬁrf)fzzylm *gy;iﬁzaz

(20)

where Gp, is the Sachs electric form factor of neutron,
Fz (0) is equal to dF 7 (k°)/dk® at k°= 0 and parameter y
is related to the photoproduction matrix element in the
following way |

/"= /fm/‘?“f‘ﬁ‘*jﬁ‘@"‘“*)"%’] (21)

From the existing experimental data /15/ it may be de-
duced that )" is rather small, «2) =(0.0l 3 0.01).

It follows from eq.(20) that at small t, t g€/¥,
the contribution  f the neglected terms is of order of

//ﬂjfmgnt and therefore should be very small. The same

15



is true as was shown above for Aﬂéyfaﬂigh accuracy
attained in the calculation of the total cross sec-
tion for & :gﬁf%epresents one of the principal re-
sults of the present paper,

- With © growing the accuracy of ecalculation of
the cross section falls. At large t, &tz mb,,, a&ll
The contributions to the longitudinal cross section
except for the term containing the neutron electric
form factor Gm, are proportional to &/m; . as well
as neglected terms. On the other hend the form factor
GEn has been found experimentally to be small and
therefore the total longitudinal cross section is
expected to be negligible at large t as compared with
the transversal cross section. If for the sake of
estimation we put Gp, b0 be identically zero, then
the ratio g, /6, is of order ,;f?mgnz at large t
and is of order /4247 at t<<mf ..

It is worth emphasizing that the threshold
¢ross section depends on the axial form factor of
nucleon and on the pion = radius. If these gquantities
are considered to be given experimentally the rela-
Tions obtained for the electroproduction cross SeCw-
tion provide an opportunity to check the theoretiecal
assumptions involved in the derivation of the low-
energy theorems. On the other hand egs,.(18-20) may
be considered as providing a possibility of extract-
ing g(ka) and ﬂ;(o) from experimental data in an in-
dependent way. The implications of the measurements
of the electroproduction cross section for the deter-
nination of g(k?) have been already studied in paper

/1/ .
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As for the contribution of the pion radius it
may be consistently kept at all t satisfying condition
t << m:fnt" Moreover the longitudinal cross=section

depends rather heavily on F;(O). e FZ;(O) is equal to

7" 1+ 77, being the P -meson mass, the account
of the term proportional to F,(0) changes the longitu-
dinal cross section by three times &t t = 0,1 (GeV/cF
and by 25 % at ¥ =/(2 . However at t = EJM.J.(f:‘re‘ui':"*r:")':2
| the longitudinal cross section is rather small and
( becomeés comparable with the total cross section only
at ¥ N/«r'?'. For such values of t it is not necessary to
distinguish between the total and longitudinal cross
sections to determine F;':(O).
In conclusion of this section we shall give
- recipe to calculate the cross-section of reaction
& 7. -—Pe/b??" . To find the cross-section of this
reaction the terms Gy and A/2m in eq.(1l8) should
be replaced by C—GMP) and by ¢ x« /2m)respectively; the
term 3—“’?5’2111 in eq,(19) should be replaced by @_"1‘1)/21112
and the factor //Z,,/"g in the r,h.s. of this equation
denctes now the matrix element of the corresponding
photoprocess gLy 773 and form factor Gg, in the

| r,h.8, of eq.(20) should be changed to (-GEP);

4, Cross section of the reaction /7/-5’ "’?"’ff‘f:
Fi

The results obtained in the previous section for

Z zé/zmay be also applied to the calculation of the
cross section of the reaction 7 p -+ 72<“2” in the

case of the stopping initial 7 -meson

gL | ) P x> ﬁ{ﬁﬁfi”.z’ 2 .2//, (%
Q"A’-‘-‘[F/E#”f Ej _(Ez?"mﬁmyr//(z - &2 Wl ¢« /%/} (22)
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where 27 is the / -meson velocity in the laboratory
system, K°= -t is the invariant mass squared of the
lepton pair, P, is the neutron 3-momentum and /HT./E,
/UE/?‘ are given by eqgs.(19), (20).

' Let us compare the result obtained with the
Born approximation with pseudoscalar FANV. ~coupling,
which used for the description of experimental data/2/.
We have taken into account all the terms of order

/“z /mint in the amplitude and have shown that apart
from magnetic moments of nucleons these tem§ are paw=
rametrized by three coefficients, namely, 4 (0), ;;"(o)
and / . The Born approximation with pseudoscalar 7AH/ -
coupling /3/ differs from our result by replacing
PO (R Vete? — G Yol 2o it we bake
into account the smallness of &J/ (see discussion after
eq.(21)). This difference is essential for determina-
tion of pion radius from experimental data,

5. Ihreshold cross-section of neutral pion production.

In the case of reaction €4 ><po 7 ® the follow-
ing relations for the transversal and longitudinal
parts of the matrix element may be obtained

o) /2_ D5 7% ) B E |
EP= S C oy e - £ # Gt

+OGE= )
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It follows from eq.(23) that the cross section
of neutral pion production is expressed in terms of
the well known electromagnetic form factors, For.lai‘ge
t the accuracy of the calculation of the cross section
is ¢ /mint‘ For smaller %t the magnitude of neglected
terms decreases but the cross section diminishes, It
is comparable with the cross section of charged pion
production only for t = 4132.r .

As for the ratio of the longitudinal and trans-
versal cross sections ¢, /5, it is not small for any
%. Moreover the transversal cross section is predicted
Go vanish near t ~ Z<%%; and for this reason the ratio
G /6, is expected to be smaller than unity for a
some range of t. |

In conclusion we give predictions for the cross

section of reaction €72 —> <2 7°
2 2. % Z/20m 4 Ll
[P (T )= 2 @%J/éﬁm Tt CEy e

» ﬂ/ fr,%”r)}

/éé(]}?)/z: 4/2('{ )é’ Z-‘/m iz;nr zyﬂﬁ:r:z*

(24)
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